Rules for integrands of the form (a + bSin[e + fx])" (c + dSin[e + fx])"

1: Jka+bsinh+fx])(c+dsﬂﬂe+fx])dxwhm1bc—ad¢0

Derivation: Algebraic expansion

Basis: (a+bz) (c+dz) =1 (2ac+bd) + (bc+ad) z->bd (1-222)

Rule:If bc - ad # 9, then

(2ac+bd)x (bc+ad) Cos[e+fx] bdCos[e+fx]Sin[e+fx]

J(a+bsin[e+fx])(c+dSin[e+fx])d1x—> - ; —

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_])*(c_.+d_.xsin[e_.+f_.»x_]),x_Symbol] :=
(2xaxc+bxd) xx/2 - (bxc+axd) xCos [e+f*x]/f - bxdxCos [e+f*x] *Sin [e+f*x]/(2*f) /8
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0]



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

dx whenbc-ad#0

a+bSin[e+-Fx]
2: j—

c+dSin[e+-Fx]

Reference: G&R 2.551.2

Derivation: Algebraic expansion

icoatbz b _bc-ad
Basis: c+dz  d d (c+d z)

Rule:If bc - ad # 0, then

a+bSin[e+-Fx] bx bc-ad 1
J—dlx—» S J dx

c+dSin[e+fx] d d c+dSin[e+fx]

Program code:

Int[(a_.+b_.#sin[e_.+Ff_.xx_])/(c_.+d_.xsin[e_.+f_.*x_]),x_Symbol] :=
bxx/d - (bxc-axd)/d+Int[1/(c+dxSin[e+fsx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0]



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n 3

3. f(a+bsin[e+fx])'" (c+dSin[e+fx])"d1x whenbc+ad=0 A a2-b%2=20

1: J(a+bsin[e+fx])m (c+dSin[e+-Fx])"d1x whenbc+ad=0 A a2-b%==0 A meZz

Derivation: Algebraic simplification
Basis:If bc+ad =0 A a?2-b?=-0,then (a+bSin[z]) (c+dSin[z]) ==acCos[z]?
Rule:if bc+ad==0 A a2-b%2 =0 A me Z,then

j(a+bsin[e+fx])m (c+dSin[e+fx])"d1x — amchCos[e+fx]2m (c+dSin[e+-Fx])"""d1x

Program code:

Int[(a_+b_.»sin[e_.+f_.xx_])"m_.#(c_+d_.«sin[e_.+f_.*x_])"n_.,x_Symbol] :=
armxcrmsInt[Cos [e+fxx]~ (2+m)  (c+d«Sin[e+Ffxx] )~ (n-m),x] /;
FreeQ[{a,b,c,d,e,f,n},x] & EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && IntegerQ[m] && Not[IntegerQ[n] & (LtQ[m,0] && GtQ[n,@] || LtQ[@,n,m] || LtQ[n



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2. J(a+bsin[e+fx])'" (c+dSin[e+fx])"d1x whenbc+ad=0 A a2-b?==0 AmM¢Z An¢z

1. J(a+bsin[e+fx])'"(c+dSin[e+-Fx])"d1x whenbc+ad=0 A az—b2==0Am+§eZ+

1. J.\/a+bsin[e+fx] (c+dSin[e+-Fx])"d1x whenbc+ad=0 A a2-b%2=z0

'\/a+bSin[e+-Fx]
1: dx whenbc+ad=0 A a2-b%==0

'\/c+dS:i.n[e+'Fx]

Derivation: Piecewise constant extraction

Basis:If bc +ad =0 A a2 - b? == 9,then oy Cos [e+f x] -0
~Ja+bSin[e+fx] ~/c+dSin[e+f x]

Rule:If bc +ad =0 A a%-b? == 9, then

dx

\/a+b5in[e+fx] acCos[e+-Fx] Cos[e+-Fx]
dx — j

\/c+dsin[e+fx] \/a+bSin[e+-Fx] \/c+dsin[e+fx] c+dsinfe+fx]

Program code:

Int[Sqrt[a_+b_.+sin[e_.+f_.xx_]]/Sart[c_+d_.xsin[e_.+f_.»x_]],x_Symbol] :=
axcxCos[e+fxx]/(Sqrt[a+bsSin[e+fsx]]+Sqrt[c+dxSin[e+f+x]]) +Int[Cos [e+Ffxx]/(c+d+Sin[e+Ffxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0]

2 j\/a+b51n[e+fx] (c+dsin[e+fx])"ax whenbc+ad=0 A a’-b2=0 A nz-1

Derivation: Doubly degenerate sine recurrence 1la withp — @

Rule:lfbc+ad::9AaZ—bZ::G/\n;&—%,then



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2bCos[e+ fx| (c+dsin[e+fx])"

J\/a+b$in[e+fx] (c+dSin[e+-Fx])"dlx — -

f(2n+1) \/a+bSin[e+-Fx]

Program code:

Int[Sqrt[a_+b_.+sin[e_.+f_.xx_]]*(c_+d_.xsin[e_.+f_.#x_])"n_,x_Symbol] :=
-2xbxCos [e+'F*x] * (c+d*Sin [e+f*x] ) "n/(f* (2xn+1) *Sqrt [a+b*Sin [e+'F*x] ] ) /3
FreeQ[{a,b,c,d,e,f,n},x] & EqQ[bxc+ad,0] & EqQ[a"2-b"2,0] && NeQ[n,-1/2]

2. J(a+bsin[e+fx])"'(c+dSin[e+-Fx])"d1x whenbc+ad=0 A az—b2==0Am—§ez+

1: J(a+bsin[e+fx])m(c+dSin[e+fx])"d1x whenbc+ad=0 A az—b2==0/\m—%ez+ An<-1

Derivation: Doubly degenerate sine recurrence 1la withp — @
Rule:if bc+ad==0 A a2-b2==0 A m—%ez+ A n < -1,then

J(a+bsin[e+fx])m (c+dsin[e+fx])"dx —

2bcos[e+fx] (a+bsin[e+fx])"* (c+dSin[e+Ffx])" b (2m-1)

f(2n+1) d(2n+1) J.(a+bSin[e+-Fx])m—1 (c+dSin[e+fx])"+1d]x

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.xx_])~n_,x_Symbol] :=
-2xbxCos [e+‘F*x] * (a+b*Sin [e+f*x] ) A(m-1) » (c+d*S:i.n [e+f*x] ) "n/(f* (2*n+1) ) -
bx (2xm-1) / (d* (2xn+1) ) xInt[ (a+b*Sin[e+fxx] )~ (m-1) » (c+d«Sin[e+fxx])~ (n+1),x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && IGtQ[m-1/2,0] & LtQ[n,-1] && Not[ILtQ[m+n,@] && GtQ[2+m+n+1,0]]



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2: f(a+bsin[e+fx])'"(c+dSin[e+fx])"d1x whenbc+ad=0 A az—b2==0Am—§eZ+A n¢-1

Derivation: Doubly degenerate sine recurrence 1b withp — @
Rule:if bc+ad==0 A a?2-b2=0 A m- % e Z* A n ¢« -1,then

J(a+bsin[e+fx])m (c+dsin[e+fx])"dx —

bc f b Si £x])™* dsi £x])" -
- os[e+fx] (a+bsinfe+fx])™ (c+dsinfe+fx]) +a(2m 1) J‘(a+bsin[e+1’x])m':L (c+dSin[e+-Fx])"dlx
f (m+n) m+n

Program code:
Int[(a_+b_.xsin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.xx_])~n_,x_Symbol] :=
-bxCos [e+f*x] * (a+b*Sin [e+f*x] ) A(m-1) (c+d*Sin [e+‘F*x] )"n/ (‘F* (m+n) ) +
a* (2#m-1) / (m+n) *Int [ (a+bxSin[e+fxx] )" (m-1) « (c+d+Sin[e+fxx])*n,x]| /;

FreeQ[{a,b,c,d,e,f,n},x] & EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && IGtQ[m-1/2,0] & Not[LtQ[n,-1]] &
Not [IGtQ[n-1/2,0] & LtQ[n,m]] &% Not[ILtQ[m+n,0] && GtQ[2xm+n+1,0]]

2. J(a+bsin[e+fx])"'(c+dSin[e+-Fx])"d1x whenbc+ad=0 A a2-b%?==0 Am+nez"

1. J.(a+bSin[e+-Fx])'"(c+dSin[e+-Fx])"dlx whenbc+ad=0 A a2-b?==0 Am+n+1==0

dx whenbc+ad=0 A a2-b2==0

1:J !
'\/a+bSin[e+-Fx] \/c+dSin[e+fx]

Derivation: Piecewise constant extraction

Basis:If bc +ad =0 A a?-b? == 9, then oy Cos [e+F x] .-
vJa+bSin[e+fx] ~/c+dSin[e+f x]

Rule:lf bc +ad =0 A a%-b? == 9, then



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

dx

1 Cos[e+ fx] J- 1

X —
Cos[e+fx]

d
J\'\/a+bsin[e+fx] \/c+dSin[e+fx] \/a+bSin[e+fx] '\/c+dSin[e+-Fx]

Program code:

Int[1/(Sqrt[a_+b_.xsin[e_.+f_.+x_]]*Sqrt[c_+d_.xsin[e_.+f_.»x_]]),x_Symbol] :=
Cos[e+fxx]/(Sart[a+bsSin[e+fxx] ] «Sqrt[c+d«Sin[e+fxx]]) «Int[1/Cos [e+fxx],x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0]

2: -J-(a+bsin[e+fx])"'(c+dSin[e+fx])"dlx whenbc+ad=0 A a2—b2==0/\m+n+1==e/\m¢—§

Derivation: Doubly degenerate sine recurrence 1c withn - -m-1, p > @

Rule:lfbc+ad::6Aa2—b2::0/\m+n+1::0Am;&—%,then

bCos[e+fx] (a+bSin[e+-Fx])m (c+dSin[e+-Fx])"

b Si fx])" dsi fx])"a
J(a+ in[e+fx])" (c+dsin[e+Fx])"dx — r—

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_])"m_x(c_+d_.*sin[e_.+f_.»x_])~n_,x_Symbol] :=
bxCos [e+f*x] * (a+b*sin [e+-F*x] ) Am# (C+d*5in [e+-F*x] )"n/(a*f* (2xm+1) ) /3
FreeQ[{a,b,c,d,e,f,m,n},x] && EqQ[bxc+axd,0] && EqQ[a~2-b"2,0] && EqQ[m+n+1,8] & NeQ[m,-1/2]

2: J(a+b5in[e+fx])"‘(c+dSin[e+-Fx])"dlx whenbc+ad=0 A a2-b?==0 Am+n+1eZ A m;t—%

Derivation: Doubly degenerate sine recurrence 1c withp — @
Rule:lif bc+ad=0 A a?2-b2=0 Am+n+1ecZ Am#+ —%,then

j(a+bsin[e+fx])m (c+dsine+fx])"ax —



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

bCos[e+-Fx] (a+bSin[e+-Fx])"I (c+dSin[e+-Fx])" men+l
+

bS f m+1 dS. f nd]
af (2m+1) a(2m+1) J(a+ 1n[e+ X]) (C+ 1n[e+ x]) X

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_])"m_x(c_+d_.*sin[e_.+f_.»x_])~n_,x_Symbol] :=
b*Cos[e+f*x]*(a+b*5in[e+f*x])Am*(c+d*5in[e+f*x])An/(a*f*(z*m+1)) +
(men+l) / (@% (2#m+1) ) «Int [ (a+bxSin[e+fxx] )" (m+l)  (c+d+Sin[e+fxx])"n,x]| /;

FreeQ[{a,b,c,d,e,f,m,n},x| & EqQ[bxc+axd,0] & EqQ[a"2-b"2,0] && ILtQ[Simplify[m+n+1],0] && NeQ[m,-1/2] &&
(SumsimplerQ[m,1] || Not[SumSimplerQ[n,1]])

3: j(a+b5in[e+fx])'"(c+dSin[e+-Fx])"d1x whenbc+ad=0 A a2-b%?==0 A m< -1

Derivation: Doubly degenerate sine recurrence 1c withp —» 0
Rule:lf bc+ad=0 A a?2-b?=20 A m< -1,then

I(a+b$in[e+fx])"' (c+dsin[e+fx])"dx —

bCos[e+fx] (a+bsSin[e+fx])" (c+dSin[e+Ffx])" m+n+1
+

b Si £x])™? (c +dsi £x])"a
af (2m+1) a(2m+1) J(a+ 1n[e+ X]) (c+ 1n[e+ x]) X

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.»x_])~n_,x_Symbol] :=
bxCos [e+'F*X] * (a+b*Sin [e+'F*X] ) mx (C+d*Sin [e+'F*X] )"n/(a*f* (2xm+1) ) +
(m+n+1) / (a* (2xm+1) ) *Int [ (a+b*Sin [e+'F*x] )" (m+1) % (c+d*S:i.n [e+f*x] ) "n,x] /8
FreeQ[{a,b,c,d,e,f,n},x] & EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && LtQ[m,-1] & Not[LtQ[m,n,-1]] && IntegersQ[2+m,2+n]



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

4: J-(a+bsin[e+fx])m(c+dSin[e+-Fx])"dlx whenbc+ad=0 A a2-b2==0 AmM¢Z An¢z

Derivation: Piecewise constant extraction

Basis:If bc +ad =0 A a2 - b? == 9, then 5, (2+bsinlexfx]) 7 (crdSinfe+fx N7 . g
Cos[e+fx]<"

Rule:lif bc+ad==0 A a?2-b2=0 Am¢Z A n ¢z, then

J(a+bsin[e+fx])m (c+dsin[e+fx])"ax —

alntpartinl cInteartinl (5, bsin[e + £ x] )™M (c 4 dsin[e + £x])FracPartin

2 FracPart[m]

jCos[e+fx]2m (c+dSin[e+fx])"""d1x
Cos[e+fx]

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_]) m_«(c_+d_.xsin[e_.+f_.»x_])~n_,x_Symbol] :=
a~IntPart[m] «c~IntPart[m] « (a+bxSin[e+fxx])~FracPart[m] (c+d+Sin[e+fxx])~FracPart[m]/Cos[e+f+x]|~(2«FracPart[m])
Int[Cos [e+fxx]|~ (2+m) » (c+dxSin[e+Ffxx])~ (n-m),x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & EqQ[bxc+axd,0] & EqQ[a“2-b"2,0] & (FractionQ[m] || Not[FractionQ[n]])



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

dx whenbc-ad#0

N J\(a+bSin[e+1:x])2

c+dSin[e+-Fx]

Derivation: Algebraic expansion

‘. (atbz)2 b2z a2d-b (bc-2ad) z
Basis: c+dz d * d (c+d z)

Rule:If bc - ad # 0, then

(a+bSin[e+1‘x])2 b*Cos[e+fx] 1 a’d-b(bc-2ad)Sin[e+fx]
f dx — - +Ej dx

c+dSin[e+fx] df c+dSin[e+-Fx]

Program code:

Int[(a_.+b_.#sin[e_.+f_.+x_])~2/(c_.+d_.xsin[e_.+f_.xx_]),x_Symbol] :=
-b~2xCos [e+fxx]/(d+f) + 1/d+Int[Simp[a~2xd-bx (bxc-2+axd)+Sin[e+Ffxx],x]/(c+d+Sin[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,@]

10



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

1
> j(a+bsin[e+fx]) (c+dsin[e+fx])

dx whenbc-ad#0

Derivation: Algebraic expansion

. 1 - b _ d
Basis: (a+bz) (c+dz) =~ (bc-ad) (a+bz) (bc-ad) (c+dz)

Rule:lIf bc - ad # 9, then

d

1

b
j ! dx — J !
(a+bsin[e+fx]) (c+dsin[e+fx]) bc-adJa+bsin[e+fx]

Program code:

Int[1/((a_.+b_.*sin[e_.+f_.*x_])*(c_.+d_.xsin[e_.+f_.xx_])),x_Symbol] :=
b/ (bxc-axd) +Int[1/(a+bxSin[e+fxx]),x] - d/(bxc-axd)+Int[1/(c+dxSin[e+Ffxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0]

dx -

bc-ad

J

c+dSin[e+'Fx]

dx

11



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

6. j(a+bsin[e+fx])'" (c+dSin[e+fx]) dx whenbc-ad#0

1: J(bsin[e+fx])m (c+dsin[e+fx]) dx

Derivation: Algebraic expansion

Rule:if bc-ad + 0 A a%-b? # 0, then

f(bsin[e+fx])m (c+dsinfe+fx])dx — cj(bsin[e+fx])'"d1x+Ej(bsin[e+fx])m*1dx

Program code:

Int[(b_.*sin[e_.+f_.*x_])"m_x(c_+d_.*sin[e_.+f_.»x_]),x_Symbol] :=
cxInt[ (bxSin[e+fxx])~m,x] + d/bxInt[(bxSin[e+fxx])"(m+1),x] /;
FreeQ[{b,c,d,e,f,m},x]

12



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2. J(a+bsin[e+fx])'" (c+dsin[e+fx])dx whenbc-ad#@ A a®>-b*=0

1: J(a+b$in[e+fx])'"(c+dSin[e+fx])dlx whenbc-ad#0 A a2-b?>==0 A adm+bc (m+1) ==

Derivation: Singly degenerate sine recurrence 2a with A —» - %, B-d,n-0, p->0

Derivation: Singly degenerate sine recurrence 2c with A —» - %, B-d,n-0, p->09

Note:If a2 -b? =20 A adm+bc (m+1) == 0,thenm+ 1 + 0.
Rule:lf bc-ad+0 A a2-b2==0 Aadm+bc (m+1) =0,then

dCos[e+fx] (a+bsin[e+fx])"

j(a+bsin[e+fx])"'(c+dSin[e+fx])d1x—)— £ me1)

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_]) m_x(c_+d_.xsin[e_.+f_.»x_]),x_Symbol] :=
-dxCos [e+f*x] * (a+b*Sin [e+f*x] ) "m/(f* (m+1) ) /3
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[bxc-axd,0] & EqQ[a"2-b"2,0] && EqQ[asdsm+bxcx (m+1),0]

13



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2: J-(a+bsin[e+fx])m(c+dSin[e+-Fx])dlx when bc—ad;éeAaz—b2==0/\m<—§

Derivation: Singly degenerate sine recurrence 2awithA - c, B>d, n—>90, p—> 0
Rule:lif bc-ad+0@ A a2-b2=0 A m< —%,then

J(a+bsin[e+fx])m (c+dsine+fx])dx —

(bc-ad) Cos[e+fx] (a+bSin[e+fx])" . adm+bc (m+1) J.(a+bsin[e+fx])’"+1dlx
af (2m+1) ab@2m+1)

Program code:

Int[(a_+b_.xsin[e_.+f_.*x_]) m_x(c_.+d_.+sin[e_.+f_.+x_]),x_Symbol] :=
(bxc-axd) xCos [e+f*x] * (a+b*Sin [e+f*x] )"m/(a*f* (2*m+1)) +
(a*d*m+bxcx (M+1) ) / (axbx (2+m+1) ) *Int [ (a+bxSin[e+fxx] )~ (m+1),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && LtQ[m,-1/2]

14



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

1

3: J-(a+bsin[e+fx])m(c+dSin[e+-Fx])dlx when bc—ad;ﬁOAaz—b2==0/\m«t—2

Derivation: Singly degenerate sine recurrence 2c withA—-c, B-d, n->0, p—> 0

Rule:lfbc—adqt@Aa2—b2::@/\m<—%,then

j(a+bsin[e+fx])'" (c+dsin[e+fx])dx —

_dCos[e+-Fx] (a+bsin[e+fx])'" . adm+bc (m+1) J(a+bsin[e+fx])mdx

f (m+1) b (m+1)

Program code:
Int[(a_+b_.»sin[e_.+f_.%x_])"m_x(c_.+d_.#sin[e_.+f_.*x_]),x_Symbol] :=
—d*Cos[e+f*x]*(a+b*Sin[e+f*x])Am/(f*(m+1)) +

(axdxm+bxcx (m+1)) / (bx (m+1)) xInt [ (a+b*S:i.n [e+'F*X] )"m,x] /3
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[bxc-axd,0] & EqQ[a"2-b"2,0] && Not[LtQ[m,-1/2]]

3. J(a+b$in[e+fx])’" (c+dsin[e+fx])dx whenbc-ad#0 A a>-b’#0
1. J(a+bsin[e+fx])m (c+dSin[e+-Fx])dlx whenbc-ad#0 A a2-b%>#0 A 2meZ

c+dSin[e+fx]
dx whenbc-ad#0 A a2-b%#0

\/a+bSin[e+fx]
Derivation: Algebraic expansion

Basis:c+dz =224+ 4 (a4bz)

Rule:if bc —ad 0 A a?-b? #0,then

15



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

C+dSin[e+'Fx] bc-ad

dx — J ! dx+gJ\/a+bSin[e+fX] dx
b '\/a+bSin[e+-Fx] b

\/a+bSin[e+-Fx]

Program code:
Int[(c_.+d_.#sin[e_.+f_.+x_])/Sqrt[a_+b_.xsin[e_.+f_.xx_]],x_Symbol] :=

(bxc-axd) /bxInt[1/Sqrt[a+bxSin[e+fxx]],x] + d/bxInt[Sqrt[a+bsSin[e+f+x]],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0]

2: J(a+bsin[e+fx])"'(c+dSin[e+-Fx])d1x whenbc-ad#0 A a2-b2#0 Am>0 A 2meZ

Reference: G&R 2.551.1 inverted
Derivation: Nondegenerate sine recurrence 1b withA >ac, B-bc+ad, C-bd, m->0, n>n-1, p->0

Rule:if bc-ad+0 A a?2-b2+@ Am>0 A 2me Z, then

J(a+bsin[e+fx])m (c+dsin[e+fx])dx —

dCos[e + fx] (a+bsin[e+fx])'“ 1
- +

-J-(a+bsin[e+-Fx])'"'1 (bdm+ac (m+1) + (adm+bc (m+1)) Sin[e+ fx]) dx
f (m+1) m+1

Program code:

Int[(a_+b_.xsin[e_.+f_.*x_])"m_x(c_.+d_.#sin[e_.+f_.*x_]),x_Symbol] :=

-dxCos [e+'F*X] * (a+b*Sin [e+'F*X] ) "m/(-F* (m+1) ) +

1/ (m+1) »Int [ (a+b*Sin [e+'F*x] )" (m-1) *Simp [b*d*m+a*c* (m+1) + (axdxm+bxcx (m+1) ) *Sin [e+'F*x] ,x] ,x] 78
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] & GtQ[m,0] && IntegerQ[2sm]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

3: J-(a+bsin[e+fx])m(c+dSin[e+-Fx])d1x whenbc-ad#0 A a2-b2#0 Am<-1A2mezZ

Reference: G&R 2.551.1
Derivation: Nondegenerate sine recurrence lawithA-c, B-d, C->0, n->0, p—> 90

Rule:if bc-ad+0 A a?2-b>+@ Am<-1 A 2me Z,then

j(a+bsin[e+fx])m (c+dsinfe+fx]) ax —

(bc_ad)Cos[e+fX] (a+bSin[e+fx])m+1 1
_ +

a+bsinfe+fx])™ ((ac-bd) (m+1) - (bc-ad) (m+2) Sinf[e +fx]) dx
f(m+1) (a%-b?) (m+1) (a%-b?) J( [ D= [ 1)

Program code:
Int[(a_+b_.xsin[e_.+f_.»x_]) m_x(c_.+d_.+sin[e_.+f_.»x_]),x_Symbol] :=
- (bxc-axd) xCos [e+'F*x] * (a+b*sin [e+'F*x] ) ~ (m+1)/(-F* (m+1) * (a”~2-b"2) ) +

1/ ((m+1) » (a"2-b"2) ) xInt [ (a+b#Sin[e+fxx] )~ (m+1) xSimp [ (axc-bxd) » (m+1) - (bxc-axd) * (m+2) xSin[e+fxx],x]|,x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,@0] & NeQ[a"2-b"2,0] & LtQ[m,-1] & IntegerQ[2+m]

2. J(a+bSin[e+-Fx])"' (c+dSin[e+-Fx])dlx whenbc-ad#0 A a2-b?#0 A 2m¢zZ

1: J(a+bsin[e+fx])"‘(c+dsin[e+fx])d1x whenbc-ad#0 A a2-b2#0 A 2m¢Z A c2-d?==0

Derivation: Piecewise constant extraction and integration by substitution

Basis: & Cos [e+f x] -
X J1:+Sin[e+fx] /1-Sin[e+fx]
Basis: Cos[e + f x] = ¢ xSin[e + fx]

Rule:lf bc-ad+0© A a?-b%2+#0 A2me¢Z A c?-d? = 0,then
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

J\(a+bsin[e+fx])'" (c+dsin[e+fx])dx —

cCos[e+-Fx] JCos[e+fx] (a+bSin[e+fx])'"\/1+%Sin[e+fx]

dx —
\/1+Sin[e+fx] \/1—Sin[e+fx] \/1—%Sin[e+fx]
d
cCos[e+ fx] (@+rbx)"[1+ o x
Subst[ dx, x, Sin[e +fx]]
f4/1+sin[e+fx] \/1-sin[e+fx] ]

1--=-x
C

Program code:

Int[(a_+b_.»sin[e_.+f_.»x_])"m_x(c_+d_.*sin[e_.+f_.»x_]),x_Symbol] :=
cxCos [e+fxx]/(fxSqrt[1+Sin[e+fxx] ] +Sqrt[1-Sin[e+f+x]]) «Subst [Int[ (a+bxx)"m«Sqrt [1+d/c+x]/Sqrt[1-d/cxx],x],x,Sin[e+f+x]] /;
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] && Not[IntegerQ[2+m]] & EqQ[c"2-d"2,0]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2: J-(a+bsin[e+fx])m(c+dSin[e+-Fx])d1x whenbc-ad#0 A a2-b?#0 A 2m¢Z A c2-d*+#0

Derivation: Algebraic expansion

bc-ad
b

Rule:lf bc-ad +0 A a?-b? £ 0,then

Basis: ¢ + d z == +9 (a+bz)

bc-ad

J.(a+bsin[e+fx])'" (c+dsin[e+fx]) dx — j(a+b51n[e+fx])'"dlx+ EJ-(a+bSin[e+-Fx])'"+1dlx

Program code:

Int[(a_+b_.xsin[e_.+f_.xx_])"m_x(c_.+d_.«sin[e_.+f_.*x_]),x_Symbol] :=
(bxc-axd) /bxInt[ (a+bxSin[e+fxx]) m,x] + d/bxInt[(a+bxSin[e+fxx])~(m+1),x] /;
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[bxc-axd,0] && NeQ[a"2-b"2,0]

19



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

7. j(a+bsin[e+fx])'"(c+dSin[e+fx])"d1x whenbc-ad#0 A a2-b%?==0 A c2-d?+0

1: J(a+bsin[e+fx])m (dSin[e+fx])"d1x when a2-b2==0 A mez*

Derivation: Algebraic expansion

Rule:If a2 -b%? =20 A me z*,then

J(a+bsin[e+fx])'" (dsinfe+fx])"dx — J‘ExpandTr‘ig[(a+bSin[e+-Fx])"1 (dsin[e+fx])", x] dx

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_]) m_.(d_.#sin[e_.+f_.#x_])~n_.,x_Symbol] :=
Int[ExpandTrig[ (a+bxsin[e+fxx]) mx (dxsin[e+fxx])~n,x],x] /;
FreeQ[{a,b,d,e,f,n},x] && EqQ[a"2-b"2,0] && IGtQ[m,0] && RationalQ[n]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2. J(a+bsin[e+fx])"' (c+dSin[e+fx])2d1x whenbc-ad#0 A a2-b%=-0

1. Sin[e+-Fx]2 (a+bSin[e+-Fx])'"dlx when a2 -b%2==0

1: Sin[e+-Fx]2 (a+bSin[e+fx])"'dlx when a2 -b%2:==0 A m<—§

Derivation: 77?
Rule:If a2 -b%? =20 A m< —%,then

jsin[e+fx]2 (a+bSin[e+-Fx])"'dlx —

bCos[e+fx] (a+bsSin[e+fx])" 1 .
- J(a+b$in[e+fx])"” (am-b (2m+1) Sin[e + fx]) dx
af (2m+1) a2 (2m+1)

Program code:

Int[sin[e_.+f_.*x_]"2%(a_+b_.#sin[e_.+f_.*x_])~m_,x_Symbol] :=

bxCos [e+f*x] * (a+b*5in [e+-F*x] ) "m/(a*f* (2xm+1) ) -

1/ (a”2% (2xm+1) ) xInt [ (a+b*Sin [e+'F*X] ) A(m+l) * (a*m—b* (2xm+1) *Sin [e+'F*X] ) ,X] /3
FreeQ[{a,b,e,f},x] & EqQ[a~2-b"2,0] && LtQ[m,-1/2]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2: Sin[e+1cx]2 (a+bSin[e+fx])'"d1x when a2 -b% =20 A m{—%

Derivation: Nondegenerate sine recurrence lb withA - a2, B~2ab, C->b%, m-0, p—> 0
Rule:If a® - b? == @ A m« -2, then

Jsin[e+fx]2 (a+bsin[e+fx])"ax —

C f bS 'F m+1
) os[e+fx] (a+bsinfe+fx]) Lt J(a+bsin[e+fx])m(b(m+1)—aSin[e+‘FX])le
bf (m+2) b (m+2)

Program code:

Int[sin[e_.+f_.%x_]~2+(a_+b_.#sin[e_.+f_.*x_])~m_,x_Symbol] :=
-Cos [e+f*x] * (a+b*Sin [e+'F*x] )" (m+1)/(b*‘F* (m+2) ) +
1/ (bx (m+2) ) »Int[ (a+bxSin[e+Ffxx]) mx (bx (m+1) -axSin[e+fxx]),x]| /;
FreeQ[{a,b,e,f,m},x] && EqQ[a"2-b"2,0] && Not[LtQ[m,-1/2]]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2. J.(a+bsin[e+-Fx])rn (c+dSin[e+-Fx])2dlx whenbc-ad#0 A a2 -b%2==0

1: J‘(a+bsin[e+1=x])m (c+dSin[e+fx])2dlx whenbc-ad#0 A a2-b%==0 A m<-1

Derivation: Singly degenerate sine recurrence 2awithA->c, B>d, n>1, p—> 0
Rule:if bc-ad+0 A a?2-b%2==0 A m< -1, then

j(a+b$in[e+fx])'" (c+dSin[e+fx])2dlx —

(bc-ad) Cos[e+fx]| (a+bSin[e+fx])" (c+dSin[e+fx])

+
af (2m+1)

1

b—‘f(a+bsin[e+fx])"I+1 (acd(m-1) +b (d>+c® (m+1)) +d (ad (m-1) +bc (m+2)) Sin[e+fx]) dx
ab(2m+1)

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.»x_])~2,x_Symbol] :=

(bxc-axd) xCos [e+'F*X] * (a+b*Sin [e+-F*x] )"m* (C+d*Sin [e+-F*x] )/(a*-F* (2xm+1) ) +

1/ (axbx (2*m+1)) xInt [ (a+b*S:i.n [e+f*x] ) A(m+1) *Simp[a*c*d* (m-1) +b* (d*2+c”2% (m+1) ) +d* (axd* (m-1) +b*C» (m+2) ) *Sin [e+f*x] ,x] ,x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && LtQ[m,-1]

2: J(a+bsin[e+1“x])"1 (c+dsin[e+fx])2d1x whenbc-ad#0 A a2-b%==0 A m¢-1

Derivation: Nondegenerate sine recurrence 1lb withA - a2, B~2ab, C>b%, m-> 0, p—> 0
Rule:lf bc-ad+0 A a2-b%2=0 A m¢ -1,then

J(a+bsin[e+fx])m (c+dSin[e+fx])2dlx —

dZCos[e+-Fx] (a+bSin[e+1=x])'""1
) bf (m+2) "
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

1

;—————Jka+bsinp+fx]ﬂ(b(&(m+1)+8(m+2))-d(ad-zbc(m+n)sinh+fx])dx
(m+2)

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_])"m_x(c_+d_.*sin[e_.+f_.»x_])"2,x_Symbol] :=
—dAZ*Cos[e+f*x]*(a+b*Sin[e+f*x])A(m+1)/(b*f*(m+2)) +
1/ (b* (m+2) ) *Int [ (a+b*Sin [e+'F*X] ) Am*Simp [b* (d*2% (m+1) +Cc*2% (M+2) ) -d* (a*d-2xbxcx (m+2) ) *Sin [e+f*X] ,X] ,X] /3
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && Not[LtQ[m,-1]]

3. J(a+bsin[e+fx])m(c+dsin[e+fx])"dlx whenbc-ad#0 A a2-b%==0 A c2-d>#20 A m>1

1: j(a+b5in[e+fx])'"(c+dSin[e+-Fx])"d1x whenbc-ad#0 A a2-b2==0 A c2-d?’#0 Am>1 A n<-1

Derivation: Singly degenerate sine recurrence lawithA-a, B-b, m->m-1, p >0
Rule:lf bc-ad+0 A a?-b2=0 Ac?2-d>+#0 Am>1 A n<-1,then

J(a+bsin[e+fx])m (c+dsin[e+fx])"dx —

b? (bc-ad) Cos[e+fx] (a+bsin[e+fx])"? (c+dsin[e+fx])"!

+

df (n+1) (bc+ad)
bZ
d(n+1) (bc+ad)

J(a+bSin[e+-Fx])'"’2 (c+dSin[e+-Fx])"+1 (ac(m-2) -bd (m-2n-4) - (bc (m-1) -ad (m+2n+1)) Sin[e+fx]) dx

Program code:

Int[(a_+b_.xsin[e_.+f_.*x_])"m_x(c_.+d_.«sin[e_.+f_.#x_])~n_,x_Symbol] :=
-b”2x (bxc-axd) xCos [e+'F*X] * (a+b*Sin [e+'F*X] ) A(m=-2) * (C+d*Sin [e+'F*X] )" (n+1)/(d*f* (n+1) » (bxc+axd) ) +
b”2/ (d* (n+1) x (bxc+axd) ) *Int [ (a+b*sin [e+'F*x] ) A(m=-2) % (c+d*S:i.n [e+f*x] ) A(n+l) *
Simp [aCx (M-2) -bxdx (M-24n-4) - (bxCx (M-1) ~axd (M+2xn+1) ) xSin[e+fxx],x],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0] &% GtQ[m,1] && LtQ[n,-1] &&
(IntegersQ[2xm,2xn] || IntegerQ[m+1/2] || IntegerQ[m] && EqQ[c,9])



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2: J-(a+bsin[e+fx])m(c+dSin[e+-Fx])"dlx whenbc-ad#0 A a2-b2==0 A c2-d’#0 Am>1 Ang¢-1

Derivation: Singly degenerate sine recurrence 1lb withA-a, B—-b, m->m-1, p-> 0
Rule:if bc-ad+0 A a?-b>==0Ac?2-d>+#0 Am>1 A n« -1,then

J(a+bsin[e+fx])m (c+dsin[e+fx])"dx —

b2 Cos[e+fx] (a+bsin[e+fx])"? (c+dsin[e+fx])"*

+

df (m+n)

_r

d (m+n)

(abc (m-2) +b?>d (n+1) +a*’d (m+n) -b (bc (m-1) -ad (3m+2n-2)) Sin[e + fx]) dx

j(a+bsin[e+fx])m'2 (c+dsin[e+fx])"

Program code:

Int[(a_+b_.xsin[e_.+f_.%x_])"m_x(c_.+d_.«sin[e_.+f_.#x_])~n_,x_Symbol] :=
-b”2xCos [e+f*x] * (a+b*Sin [e+'F*X] )" (m-2) = (C+d*Sin [e+'F*X] ) 2 (n+1)/(d*'F* (m+n) ) +
1/ (d* (m+n) ) *Int [ (a+b*Sin [e+'F*x] ) A(m-2) % (c+d*Sin [e+f*x] )"n*
Simp [a*b*c* (m-2) +b”2xd* (n+1) +a*2xd* (m+n) -bx (bxcx (Mm-1) -axd* (3*m+2xn-2) ) *xSin [e+f*x] ,X] ,x] /3
FreeQ[{a,b,c,d,e,f,n},x] & NeQ[bxc-axd,0] & EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0] & GtQ[m,1] && Not[LtQ[n,-1]] &&
(IntegersQ[2xm,2xn] || IntegerQ[m+1/2] || IntegerQ[m] && EqQ[c,0])

4, J(a+bsin[e+fx])m(c+dSin[e+fx])"d1x whenbc-ad#0 A a2-b%2=20 A c2-d?>#0 A m< -1
1. J.(a+bsin[e+fx])'"(c+dSin[e+fx])"dlx whenbc-ad#0 A a2-b2==0 A c?2-d’#0 Am<-1An>0

1: J(a+b5in[e+fx])'"(c+dSin[e+-Fx])"dlx whenbc-ad#0 A a2-b2=0 A c2-d2#0 Am<-1 A0O<n<1

Derivation: Singly degenerate sine recurrence 2awithA -1, B> 90, p - 0

Rule:lf bc-ad+0 Aa?-b2=0 Ac?-d*#0 Am<-1A0<nc<1,then
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

J~(a+bsin[e+-Fx])rn (c+dsinfe+fx])"dx —

bCos[e+fx] (a+bsSin[e+fx])" (c+dSin[e+Ffx])" i

af (2m+1)
1

mJ(a+bSin[e+fX])"I+1 (c+dSin[e+-Fx])'"'1 (adn-bc (m+1) -bd (m+n+1) Sin[e+fx]) dx

Program code:

Int[(a_+b_.xsin[e_.+f_.*x_])"m_x(c_.+d_.«sin[e_.+f_.#x_])~n_,x_Symbol] :=
bxCos [e+‘F*X] * (a+b*Sin [e+'F*X] ) mx (C+d*Sin [e+'F*X] )"n/(a*f* (2xm+1) ) -
1/ (axbx (2xm+1) ) xInt [ (a+b*Sin [e+f*x] ) A(m+1) * (c+d*Sin [e+'F*x] )" (n-1) *Simp [a*d*n—b*c* (m+1) -bxd* (m+n+1) x*Sin [e+'F*x] ,x] ,x] 78
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] & NeQ[c"2-d*2,0] & LtQ[m,-1] && LtQ[@,n,1] &&
(IntegersQ[2xm,2xn] || IntegerQ[m] && EqQ[c,0])
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2: J-(a+bsin[e+fx])"'(c+dSin[e+-Fx])"dlx whenbc-ad#0 A a2-b?==0 A c2-d?#0@ Am<-1 An>1

Derivation: Singly degenerate sine recurrence 2awithA-c, B->d, n->n-1, p-> 9
Rule:if bc-ad+0 A a?-b>==0 A c?2-d>+0 Am< -1 A n>1,then

J(a+bsin[e+fx])m (c+dsin[e+fx])"dx —

(bc-ad) Cos[e+fx] (a+bsin[e+fx])" (c+dsin[e+fx])"?
N

af (2m+1)
1

ﬁj(a+bsin[e+1¢x])m+1 (c+dSin[e+-Fx])"‘2 (b (c*(m+1) +d* (n-1)) +acd (m-n+1) +d (ad (m-n+1) +bc (m+n)) Sin[e+fx] ) dx
ab@2m+1)

Program code:

Int[(a_+b_.»sin[e_.+f_.»x_])"m_x(c_.+d_.«sin[e_.+f_.#x_])~n_,x_Symbol] :=
(b*c—a*d)*Cos[e+f*x]*(a+b*Sin[e+f*x])Am*(c+d*sin[e+f*x])“(n—l)/(a*f*(Z*m+1)) +
1/(a*b*(z*m+1))*Int[(a+b*Sin[e+f*x])A(m+1)*(c+d*sin[e+f*x])A(n—Z)*

Simp [b* (c*2% (m+1) +d*2% (n-1) ) +a*Cxd* (m-n+1) +d* (axd*x (m-n+1) +bxCx (m+n) ) *Sin [e+f*x] ,x] ,x] /3

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] & NeQ[c"2-d"2,0] & LtQ[m,-1] && GtQ[n,1] &&
(IntegersQ[2+m,2xn] || IntegerQ[m] && EqQ[c,0])

2: J(a+bsin[e+fx])m(c+dSin[e+-Fx])"dlx whenbc-ad#0 A a2-b2==0 A c2-d’#0 Am<-1An30O

Derivation: Singly degenerate sine recurrence 2b withA -1, B> 0, p —> 0
Rule:if bc-ad+0 A a?-b>==0 A c?2-d>+0 Am< -1 A n3%0,then

j(a+bsin[e+Fx])m (c+dsin[es+fx])"ax —

bZCos[e+-Fx] (a+bSin[e+-Fx])'" (c+dSin[e+1=x])"+1
af (2m+1) (bc-ad)

+
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

1
a(2m+1) (bc-ad)

j(a+bsin[e+fx])m+1 (c+dsin[e+fx])" (bc(m+1) ~ad (2m+n+2) +bd (m+n+2) Sin[e + fx]) dx

Program code:

Int[(a_+b_.xsin[e_.+f_.%x_])"m_x(c_.+d_.«sin[e_.+f_.#x_])~n_,x_Symbol] :=
bAz*Cos[e+f*x]*(a+b*Sin[e+f*x])Am*(c+d*Sin[e+f*x])A(n+1)/(a*f*(2*m+1)*(b*c—a*d)) +
1/ (a* (2*xm+1) » (bxc-axd) ) xInt [ (a+b*Sin [e+'F*X] ) A(m+l) * (c+d*Sin [e+f*x] )"n*
Simp [b*c* (m+1) —a*xd* (2xm+n+2) +bxdx (m+n+2) *Sin [e+'F*x] ,x] ,x] /3
FreeQ[{a,b,c,d,e,f,n},x] & NeQ[bxc-ad,0] & EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && LtQ[m,-1] & Not[GtQ[n,0]] &&
(IntegersQ[2xm,2xn] || IntegerQ[m] && EqQ[c,0])

5 J~(c+d5in[e+fx])"

a+bSin[e+fx]

dx whenbc-ad#0 A a2-b%=0 A c?2-d?#0

. J(c+dsin[e+fx])"

a+bSin[e+-Fx]

dx whenbc-ad#0 A a2-b%>=0 A c2-d’#0 An>1

Derivation: Singly degenerate sine recurrence 2awithA-c, B-d, m-» -1, n->n-1, p-> 0

Rule:lf bc-ad+0 A a?-b2=0 A c?2-d?>+0 A n>1,then

dx —

(c+dsin[e+fx])"
J

a+bSin[e+-Fx]

(bc-ad) Cos[e+fx| (c+dSin[e+-Fx])"'1

- —iJ‘(c+dSin[e+-Fx])"'2 (bd(n-1) —acn+ (bc(n-1) -adn) Sin[e+ fx] ) dx

af(a+bSin[e+-Fx]) ab

Program code:

Int[(c_.+d_.+sin[e_.+f_.+x_])~n_/(a_+b_.+sin[e_.+f_.*x_]),x_Symbol] :=

- (bxc-axd) xCos [e+'F*X] * (c+d*Sin [e+'F*X] ) A (n—1)/(a*-F* (a+b*Sin [e+'F*X] ) ) -

d/ (axb) *Int [ (c+d*Sin [e+'F*x] )" (n-2) *Simp [b*d* (n-1) —axc*xn+ (bxcx (n-1) —axdxn) *Sin [e+f*x] ,x] ,x] 78
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0] & GtQ[n,1] && (IntegerQ[2xn] || EqQ[c,0@])
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

dx whenbc-ad#0 A a2-b%>==0 A c2-d?#0 A n<o

). J«(c+dSin[e+-Fx])"

a+bSin[e+fx]

Derivation: Singly degenerate sine recurrence 2b withA -1, B—-0, m—> -1, p—> 0

Rule:lf bc-ad+0 A a?-b2=0 A c?2-d?>+0 A n<0,then

dx —

(c+dsin[e+fx])"
/

a+bSin[e+-Fx]

bZCos[e+-Fx] (c+dSin[e+-Fx])n+1 d
- +

J(c+dsin[e+fx])" (an-b (n+1)Sin[e+fx]) dx
af (bc-ad) (a+bsin[e+fx]) a(bc-ad)

Program code:

Int[(c_.+d_.#sin[e_.+f_.+x_])~n_/(a_+b_.xsin[e_.+f_.»x_]),x_Symbol] :=
-b”2xCos [e+'F*x] * (c+d*Sin [e+‘F*x] )" (n+1)/(a*-F* (bxc-axd) * (a+b*Sin [e+f*x] ) ) +
d/ (a* (bxc-axd)) *Int [ (c+d«Sin[e+fxx]) " n« (axn-bx (n+1) xSin[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0] & LtQ[n,0] && (IntegerQ[2xn] || EqQ[c,0])
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

dx whenbc-ad#0 A a®-b%==0 A c2-d?#0

. J(c+dsin[e+fx])"

a+bSin[e+fx]

Derivation: Singly degenerate sine recurrence 2awithA -1, B->0, m—> -1, p > ©

Rule:lf bc-ad+0 A a2-b%2 =0 A c?-d? + 0,then

dx —

(c+dSin[e+fx])"
~J-a+bsin[e+-Fx]
bCos[e+fx] (c+dSin[e+fx])" d

n
+— | (c+dsin[e+fx])" " (a-bsSin[e+Ffx]) dx
af(a+bSin[e+-Fx]) abj( [ A [ )

Program code:

Int[(c_.+d_.#sin[e_.+f_.+x_])~n_/(a_+b_.xsin[e_.+f_.»x_]),x_Symbol] :=
-bxCos [e+f*x] * (c+d*S:i.n [e+f*x] ) "n/(a*f* (a+b*sin [e+'F*x] ) ) +
d«n/ (axb) +Int [ (c+d«Sin[e+fxx] )~ (n-1) * (a-bxSin[e+fxx]),x]| /;
FreeQ[{a,b,c,d,e,f,n},x] & NeQ[bxc-axd,0] & EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && (IntegerQ[2sn] || EqQ[c,@])

6. J\/a+bsin[e+fx] (c+dSin[e+-Fx])"d1x whenbc-ad#0 A a2-b%?==0 A c2-d?#0

1. J\/a+bsin[e+fx] (c+dSin[e+-Fx])"d1x whenbc-ad#0 A a2-b%=20 A c2-d?>#0 A 2neZz

1: J-\/a+bsin[e+fx] (c+dSin[e+-Fx])"d1x whenbc-ad#0 A a2-b?==0 A c2-d’#0 A n>0

Derivation: Singly degenerate sine recurrence 1lb withA > c, B> d, m > %, n-n-1, p- 0@andalgebraic

simplification

Rule:lf bc-ad+0 A a?-b2=0 A c?2-d?>+0 A n>0,then
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

JJa+bSin[e+fx] (c+dSin[e+-Fx])"d1x—>

_ZbCos[e+fx] (c+dsin[e+fx])" +2n (bc+ad) J\/a+bsin[e+fx] (c+dsin[e+fx])"'1dlx
b (2n+1)

-F(2n+1)\/a+bsin[e+-Fx]

Program code:

Int[Sqrt[a_+b_.xsin[e_.+f_.#x_]]*(c_.+d_.«sin[e_.+f_.#x_])~n_,x_Symbol] :=
-2xbxCos [e+'F*x] * (c+d*Sin [e+'F*x] ) "n/(-F* (2xn+1) *Sqrt [a+b*Sin [e+'F*x] ] ) +

24n (bxc+axd) / (bx (2%n+1) ) +Int [Sqrt[a+b+Sin[e+fxx] ]+ (c+dxSin[e+fxx] )~ (n-1),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] & EqQ[a"2-b"2,0] & NeQ[c"2-d"2,0] && GtQ[n,0] && IntegerQ[2xn]

2. J'\/a+bsin[e+fx] (c+dSin[e+fx])"d1x whenbc-ad#0 A a2-b%2==0 A c2-d’#0 A n<-1

\Ja+bsin[e+fx]
1: dx whenbc-ad#0 A a2-b%>=0 A c2-d?#0
(c+dSin[e+-Fx])3/Z

1 3
E’ n%—zp%@

Derivation: Singly degenerate sine recurrence lawithA -1, B> 0, m -
, p— 0

N W

, N> -

N [

Derivation: Singly degenerate sine recurrence 1c withA - a, B> b, m—> -

: Rule:if bc-ad+0 A a2-b?==0 A c?-d? +0,then

2b2Cos[e+-Fx]

J '\/a+bSin[e+-Fx]
dx — -
f(bc+ad)/a+bsin[e+fx] /crdsin[esFx]

(c+dsinfe+fx])*?

Program code:

Int[Sqrt[a_+b_.+sin[e_.+f_.*x_]]/(c_.+d_.*sin[e_.+f_.+x_])~(3/2),x_Symbol] :=
-2xb”2xCos [e+f*x]/(f* (bxc+axd) xSqrt[a+bxSin[e+fxx] ] *xSqrt[c+dxSin[e+fxx]]) /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] 8&& NeQ[c"2-d"2,0]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2: j\/a+bsin[e+fx] (c+dSin[e+fx])"dlx whenbc-ad#0 A a2-b%?==0 A c2-d*#0 A n<-1

Derivation: Singly degenerate sine recurrence 1c withA - a, B—>b, m—> - %, p — 0 and algebraic simplification

Rule:lf bc-ad+0 A a?-b2=0 A c?2-d?>+0 A n< -1,then

J\/a+bsin[e+fx] (c+dsin[e+Fx])"dax —

(bc-ad) Cos[e+fx] (c+dsin[e+fx])™ (2n+3) (bc-ad)
.

— f\/awsm[emx] (c+dsin[e+fx])™dx
£ (n+1) (c2-d?) /a+bsin[e+Fx] 2b (n+1) (c*-d?)

Program code:

Int[Sqrt[a_+b_.xsin[e_.+f_.#x_]]*(c_.+d_.+sin[e_.+f_.+x_])~n_,x_Symbol] :=
(bxc-axd) xCos [e+'F*X] * (C+d*Sin [e+f*x] )" (n+1)/(-F* (n+1) % (c~2-d”*2) xSqrt [a+b*Sin [e+'F*X] ] ) +
(2xn+3) * (bxc-axd) / (2xbx (n+1) » (c*2-d*2) ) xInt [Sqr't [a+b*Sin [e+'F*x] ] * (c+d*Sin [e+f*x] )" (n+1) ,x] e
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0] & LtQ[n,-1] && NeQ[2xn+3,0] && IntegerQ[2xn]

\/a+bSin[e+-Fx]
3: dx whenbc-ad#0 A a®-b2==0 A c2-d2#0
c+dSin[e+-Fx]

Author: Martin Welz on 24 June 2011; generalized by Albert Rich 14 April 2014

Derivation: Integration by substitution

H. 2 2 A/ in[ 1
BaS|S. |f a‘ - b _— @’ then a+b5.1n e+fx] __ _2b Subst[ 1 -, X, b Cos[e+f x] 3y b Cos[e+f x]
c+dSin[e+f x] f bc+ad-dx A a+bSin[e+f x] Va+bSin[e+f x]

Rule:lf bc-ad+0 A a2-b%2 =0 A c?2-d? + 0,then
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

'\/a+bSin[e+fx]

c+dSin[e+-Fx]

bCos[e+-Fx]

2b 1
dx — ——Subst[J— dx, X,
f bc+ad-dx?

\a+bsin[e+fx]
Program code:

Int[Sqrt[a_+b_.+sin[e_.+f_.xx_]]/(c_.+d_.*sin[e_.+f_.*x_]),x_Symbol] :=
-2xb/fxSubst[Int[1/ (bxc+axd-d+x"2),X],X,bxCos[e+f+x]/Sqrt[a+bxSin[e+fsx]]] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] 8&& NeQ[c"2-d"2,0]

\/a+bSin[e+-Fx]

dx whenbc-ad#0 A a2-b%==0 A c2-d?>#0

\/c+dSin[e+fx]

. \a+bsin[e+fx]

q/dsin[e + fx]

dx whenaz-b2==a/\d==§

Author: Martin Welz on 24 June 2011

Derivation: Integration by substitution

Basis: If a2 -b%2--9 A d -- i,then Vasbsinferfx] __ —3Subst[ 1Ly, —bcoslesfx] 8, —bCoslesfx]
b Vdsin[e+fx] f \/1 2 Va+bSin[e+f x] A a+bSin[e+f x]

Rule:If a2 -b%?==0 A d == 2, then

J\/a+b5in[e+fx] 2 J\ 1 bCos[e+fx]
dx — ——Subst[ —dx, X,
'\/dSin[e+fx] f 2 \/a+bSin[e+-Fx]

Program code:

Int[Sqrt[a_+b_.+sin[e_.+f_.xx_]]/Sart[d_.+sin[e_.+f_.xx_]],x_Symbol] :=
-2/fxSubst[Int[1/Sqrt[1-x~2/a],x],X,bxCos[e+fxx]/Sqrt[a+bsSin[e+fsx]]] /;
FreeQ[{a,b,d,e,f},x]| & EqQ[a~2-b"2,0] & EqQ[d,a/b]



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n 34

'\/a+bSin[e+-Fx]
2: dx whenbc-ad#0 A a2-b2=0 A c2-d*>#0

\c+dsinfe+fx]

Author: Martin Welz on 10 March 2011

Derivation: Integration by substitution

H . —— i —
Basis: If a2 - b2 -9 A c2 - d? + 0, then Ye:bsinlfe+fx1 __ _2b Subst[ 1 -, X, b Cos[e+f x] 3y b Cos[e+f x]
AV c+dSin[e+f x] f b+dx Va+bSin[e+fx] Vc+dSin[e+fx] Va+bSin[e+fx] Vc+dSin[e+f x]

Note: The above identity is notvalidif bc -ad # @ A a?2 - b? ==0 A c? - d? == 9, since the derivative vanishes!

Rule:lf bc-ad+0 A a2-b%2 =0 A c?-d? + 0,then

\/a+bsin[e+fx] 2b 1 bCos[e + fx]
dx — ——Subst[fb I dx, X,
+dX

\/c+dSin[e+fx] \/a+bSin[e+-Fx] \/c+dSin[e+fx]

Program code:

Int[Sqrt[a_+b_.xsin[e_.+f_.»x_]]/Sqrt[c_.+d_.xsin[e_.+f_.+x_]],x_Symbol] :=
-2+b/fxSubst [Int[1/ (b+d+Xx"2),X],X,bxCos [e+f+x]/(Sqrt[a+bsSin[e+fxx]]+Sqrt[c+d+Sin[e+f+x]])] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0]



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2: J\/a+bsin[e+fx] (c+dSin[e+-Fx])"d1x whenbc-ad#0 A a2-b%?==0 A c2-d*#0 A 2n¢zZ

Derivation: Piecewise constant extraction and integration by substitution

Basis: If a2 - b2 == 0, then 6y Cos [e+f x] .-
vJa-bSin[e+fx] +a+bSin[e+fx]

Basis: Cos[e + f x] = £ 6xSin[e + fx]

Rule:lf bc-ad+0 A a?-b2=0 A c®2-d>+0 A 2n ¢ Z, then

J\\/a+bsin[e+fx] (c+dsin[e+fx])"d1x —

dx —

aZCos[e+-Fx] J\Cos[e+fx] (c+dSin[e+fx])"

\/a+b5in[e+fx] '\/a—bsin[e+-Fx] \/a—bsin[e+fx]

e f dx)"
a’Cos[e + fx| Subst udlx, X, Sin[e+fx]]

f\/a+bSin[e+fx] '\/a—bSin[e+fx] Va-bx

Program code:

Int[Sqrt[a_+b_.#sin[e_.+f_.xx_]]*(c_.+d_.xsin[e_.+f_.*x_])~n_,x_Symbol] :=

a”2xCos [e+fxx]/(f+Sqrt[a+bxSin[e+fxx]]+Sqrt[a-bsSin[e+fxx]]) *Subst[Int[ (c+d+x) n/Sqrt[a-bsx],x],Xx,Sin[e+f+x]] /;

FreeQ[{a,b,c,d,e,f,n},x] & NeQ[bxc-axd,0] & EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && Not[IntegerQ[2xn]]

(c+dsin[e+fx])"

dx whenbc-ad#0 A a2-b%=20 A c2-d*>#0

\/a+bsin[e+fx]

(c+dSin[e+-Fx])"
dx whenbc-ad#0 A a2-b%>==0 A c2-d’#0 An>0

'\/a+bSin[e+-Fx]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

\/c+dSin[e+fx]
1: dx whenbc-ad#0 A a2-b%2=0 A c2-d?>+0

\a+bsin[e+fx]

Derivation: Algebraic expansion
Basis: Ve+dz bc-ad d+a+bz

\Ja+bz B b+a+bz /c+dz ’ b+c+dz
Rule:lf bc-ad+0 A a2-b%2 =0 A c?-d? + 0,then

'\/c+dSin[e+-Fx] d \/a+bSin[e+fx] bc-ad
dx — — dx +

d
\/a+bsin[e+-Fx] b \/c+dSin[e+-Fx] b J\/a+bsin[e+fx] \/c+dsin[e+fx]

1

X

Program code:

Int[Sqrt[c_.+d_.xsin[e_.+f_.+x_]]/Sqrt[a_+b_.+sin[e_.+f_.+x_]],x_Symbol] :=
d/bxInt[Sqrt[a+bsSin[e+fxx]]/Sqrt[c+d+Sin[e+fxx]],x] +
(bxc-axd) /bxInt[1/(Sqrt[a+bxSin[e+f+x]]*Sqrt[c+d+Sin[e+fsx]]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0]

(c+dsinfe+fx])"

dx whenbc-ad#0 A a2-b%>=0 A c?2-d’#0 An>1

\/a+bSin[e+fx]

Derivation: Singly degenerate sine recurrence 2c withA - c, B—>d, m - %, n-n-1,p-0

Rule:lf bc-ad+0 A a?2-b2=0 A c?2-d?>+0 A n>1,then

(c+dsinfe+fx])"

dx —

\a+bsin[e+fx]

2dcos[e+fx] (c+dsin[e+fx])"?

f(2n-1) \/a+bSin[e+-Fx]



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

(c+dSin[e+'Fx])"'2 (acd-b(2d* (n-1) +c®* (2n-1)) +d (ad-bc (4n-3)) Sin[e+fx]) dx

1 ~J~ 1
b@n-1) J a+bsin[e+fx]

Program code:

Int[(c_.+d_.#sin[e_.+f_.+x_])~n_/Sqrt[a_+b_.+sin[e_.+f_.+x_]],x_Symbol] :=
—Z*d*Cos[e+f*x]*(c+d*Sin[e+f*x])A(n—l)/(f*(z*n—l)*Sqrt[a+b*sin[e+f*x]]) -
1/ (bx (2xn-1)) »Int[ (c+dxSin[e+Ffxx] )A(n—Z)/Sqrt [a+bxSin[e+fxx] ]«
Simp [a*c*d—b* (2%xd~2% (n-1) +c”2x (2xn-1) ) +d* (axd-bxcx (4xn-3) ) xSin [e+'F*x] ,x] ,x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0] & GtQ[n,1] && IntegerQ[2xn]

(c+dsin[e+fx])"

dx whenbc-ad#0 A a2-b%>=0 A c2-d*#0 A n<-1

\/a+bSin[e+-Fx]

Derivation: Singly degenerate sine recurrence 1cwithA -1, B> 0, p—> 0

Rule:lf bc-ad+0 A a?-b2=0 A c?2-d?>+0 A n< -1,then

(c+dsinfe+fx])"

dx —

\a+bsin[e+fx]

X

dCos|[e + fx] (c+dSin[e+-Fx])n+1 1 J\(c+dsin[e+-Fx])"+1 (ad-2bc(n+1) +bd (2n+3) Sin[e+fx])
- - d

F(n+1) (c2-d?) \[arbsin[erfx] 2P (M+1) (?-d) \Ja+bsin[e+ fx]

Program code:

Int[(c_.+d_.+sin[e_.+f_.+x_])~n_/Sqrt[a_+b_.+sin[e_.+f_.+x_]],x_Symbol] :=
—d*Cos[e+f*x]*(c+d*sin[e+f*x])A(n+1)/(f*(n+1)*(cAZ—dAZ)*Sqrt[a+b*sin[e+f*x]]) -
1/ (2%bx (n+1) * (c*2-d*2)) *Int [ (c+d*Sin [e+‘F*x] )" (n+1) *Simp [a*d—z*b*c* (n+1) +bxd* (2%n+3) *Sin [e+f*x] ,x]/Sqr‘t [a+b*Sin [e+'F*x] ] ,X] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0] & LtQ[n,-1] && IntegerQ[2xn]

37



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

1

3:J dx whenbc-ad#0 A a2-b%=0 A c2-d2#0
\/a+bSin[e+fx] (c+dSin[e+fx])

Derivation: Algebraic expansion

Basis: 1 . b B d+a+bz
" Vatbz (c+dz) (bc-ad) +/a+bz (bc-ad) (c+dz)

Rule:lf bc-ad+0 A a2-b%2 =0 A c?2-d? + 0,then

1 d \/a+bSin[e+fx]
dx

" bc-ad c+dsin[e+fx]

dx —

b 1
d
\/a+bsin[e+fx] (c+dSin[e+-Fx]) bc_adJ-\/a+bSin[e+-Fx]

X

Program code:

Int[1/(Sqrt[a_+b_.xsin[e_.+f_.xx_]]*(c_.+d_.xsin[e_.+f_.»x_])),x_Symbol] :=
b/ (bxc-axd) +Int[1/Sqrt[a+bxSin[e+fxx]],x] - d/(bxc-axd)+Int[Sqrt[a+b+Sin[e+fsx]]/(c+dsSin[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n 39

1
4.J dx whenbc-ad#0 A a2-b%>=0 A c2-d?#0
\/a+bSin[e+fx] \/c+dSin[e+-Fx]

1

1:J\ dx when a?-b*=0 A d=2 A a>0
b
\a+bsin[esfx] +/dsin[e+fx]

Author: Martin Welz on 24 June 2011

Derivation: Integration by substitution

Basis:If a2 -b2==0 A d=2 A a>0,then 1 = - 2 gubst[—1—, x, bloslesfxl | 5 _bCoslerfx]
b Va+bsSin[e+fx] VdSin[e+fx] Va f m a+b Sin[e+f x] a+bSin[e+f x]

Basis: F(z | 0) ==
Note: This is a special case of the rule for a? # b2.

Rule:If a2 -b%? =20 A d == 2 A a>0,then

1 V2 1 bCos[e+-Fx]
dx — - Subst[j dx, X, —]
\/a+bSin[e+-Fx] \/dSin[e+fx] Va f 1-x2 a+bsin[e+fx]

Program code:

Int[1/(Sqrt[a_+b_.xsin[e_.+f_.«x_]]+Sqrt[d_.ssin[e_.+f_.+x_]]),x_Symbol] :=
-Sqrt[2]/(Sqrt[a]«f) «Subst [Int[1/Sqrt[1-x"2],X],X,bxCos [e+fxx]/(a+bsSin[e+f+x])] /;
FreeQ[{a,b,d,e,f},x] && EqQ[a"2-b"2,0] && EqQ[d,a/b] && GtQ[a,@]



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

1

Z:J dx whenbc-ad#0 A a2-b%=0 A c2-d?#0
\/a+bSin[e+fx] '\/c+dSin[e+-Fx]

Author: Martin Welz on 10 March 2011

Derivation: Integration by substitution

Basis: If a2 - b2 == 9, then 1 = - 22 subst [ ——1—— bCos[e+f x] a bCosresf x]

X
3 El X
Va+bSin[e+fx] Vc+dSin[e+fx] 2b%-(ac-bd) x? Va+bSin[e+fx] Vc+dSin[e+f x] Va+bSin[e+fx] Vc+dSin[e+fx]

Note: The above identity isnotvalidif bc —ad #+ @ A a2 -b? == 0 A c? - d? == 9, since the derivative vanishes!

Rule:lf bc-ad+0 A a2-b%2 =0 A c?-d? + 0,then

1 2a 1 bCos[e+fx]
dx — ——Subst[J 3 2dlx, X,
\/a+bSin[e+-Fx] \/c+dsin[e+-Fx] 2b%- (ac-bd)x \/a+bSin[e+-Fx] \/c+dsin[e+fx]

Program code:

Int[1/(Sqrt[a_+b_.xsin[e_.+f_.»x_]]+Sqrt[c_.+d_.xsin[e_.+f_.»x_]]),x_Symbol] :=
-2+a/fxSubst [Int[1/ (24b*2- (a*xC-bxd) #x*2) ,X],X,bxCos [e+fxx] /(Sqrt [a+bxSin[e+f+x] | +Sqrt[c+dsSin[e+fsx]])] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] 8&& NeQ[c"2-d"2,0]

8: J(a+b$in[e+fx])'"(c+d5in[e+fx])"d1x whenbc-ad#0 A a2-b%2==0 A c2-d?#0 A n>1

Derivation: Singly degenerate sine recurrence 2c withA - c, B->d, n>n-1, p-> 0
Rule:if bc-ad+0 A a?-b%>=0 A c?2-d*+0 A n>1,then

f(a+bSin[e+-Fx])m (c+dsin[e+fx])"ax —

dCos[e+-Fx] (a+bSin[e+-Fx])'" (c+dSin[e+-Fx])"'1

+

f (m+n)



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

1
b (m+n)

J.(a+bsin[e+-Fx])"'(c+dSin[e+-Fx])"'2 (d(@acm+bd (n-1)) +bc2 (m+n) + (d(adm+bc (m+2n-1))) Sin[e +fx]) dx

Program code:
Int[(a_+b_.xsin[e_.+f_.%x_])"m_x(c_.+d_.«sin[e_.+f_.#x_])~n_,x_Symbol] :=
—d*Cos[e+f*x]*(a+b*Sin[e+f*x])Am*(c+d*Sin[e+f*x])A(n—l)/(f*(m+n)) +
1/ (b* (m+n) ) *Int [ (a+b*Sin [e+'F*X] ) m* (c+d*Sin [e+'F*X] ) A(n-2)

Simp [d* (axcxm+bxdx (n-1) ) +bxc”2x (m+n) +d» (axd*m+bxCx (m+2xn-1) ) x*Sin [e+f*x] ,x] ,x] /3
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[bxc-axd,0] & EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && GtQ[n,1] && IntegerQ[n]

9. J~(a+bSin[e+-Fx])"I (c+dSin[e+'Fx])"dlx whenbc-ad#0 A a2-b2==0 A c2-d?#0

1: J(a+bsin[e+fx])m(c+dSin[e+-Fx])"dlx whenbc-ad#0 A a2-b2==0 A c2-d?’#0 A mez

Derivation: Piecewise constant extraction and integration by substitution

Basis: 0 Cos [e+f x] -
X J1:Sin[e+fx] /1-Sin[e+fx]
Basis: Cos[e + f x] = ¢ 6xSin[e + fx]

Rule:lf bc-ad+0 A a?-b2=0 A c?2-d?>+0 A meZ,then

J\(a+bsin[e+-Fx])“1 (c+dsinfe+fx])"dx —

dx —

1
a" Cos[e + f x| JCos[e+fX] (1+§Sin[e+fx])m_; (c+dsinfe+fx])"

\/1—§Sin[e+fx]

\/1+Sin[e+-Fx] \/1-Sin[e+-Fx]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

b m-; n
a"Cos[e + f x| (1+;x) (c+dx)
Subst[

-F'\/1+Sin[e+fx] '\/1—Sin[e+fx]

dx, X, Sin[e+fx]]

b
1--=-x
a

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_]) m_x(c_.+d_.*sin[e_.+f_.»x_])~n_.,x_Symbol] :=
a“m*Cos [e+f*x]/(f*Sqr‘t [1+Sin[e+fxx] ] #Sqrt[1-Sin[e+fxx]]) »Subst[Int[ (1+b/axx) " (m-1/2) x (c+dxX)*n/Sqrt[1-b/axx],x],x,Sin[e+fxx]|] /;
FreeQ[{a,b,c,d,e,f,n},x] & NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0] & IntegerQ[m]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2. J.(a+bsin[e+fx])'" (c+dSin[e+fx])"dlx whenbc-ad#0 A a2-b2==0 A c2-d?’#0 A m¢zZ
1. J(a+bsin[e+fx])'" (dSin[e+-Fx])"dlx when a2-b2==0 A m¢z
1. J(a+bsin[e+fx])m (dSin[e+-Fx])"dlx when a2 -b%?==0 Am¢Z A a>0

1: j(a+bsin[e+fx])'"(dSin[e+fx])"d1x when a2-b2=0 Am¢Z A a>0 A §>0

Derivation: Piecewise constant extraction and integration by substitution

Basis: If a2 - b2 == 0, then oy Cos [e+f x] -
vJa+bSin[e+fx] +a-bSin[e+fx]
. 2
Basis: If a2 - b2 == @, then b Cos [e+f x] Cos [e+f ] -1

va+bSin[e+fx] “a-bSin[e+fx] +/a+bSin[e+fx] +/a-bSin[e+fx]

Basis: -Cosle+f x] (a+bSin[e+-Fx])m’§ (bSin[e+fx])" __
\Ja-bSin[e+f x]

- - Subst (a*’”"%a*’” 2. X, a-bSin[e+fx]| 6k (a-bSin[e+fx])

1

Note: If a > 0, then (a’”"ﬁa")mz is integrable in terms of the Appell function without the need for additional
X

piecewise constant extraction.

Rule:lf a2 -b2==0 Am¢Z Aa>0 A %>0,then

J(a+bsin[e+fx])"' (dsinfe+fx])"dx —

b (%)"cOS[e+fX] J\Cos[e+fx] (a+bSin[e+-Fx])'"'; (bSin[e+-Fx])n

dx —

'\/a+bSin[e+-Fx] \/a-bsin[e+fx] '\/a—bSin[e+fx]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

d

b ()" cos[e+fx] cubst J(a-x)"(Za-x)m‘;
Vx

dx, X, a—bSin[e+fx]]

-F\/a+bSin|:e+fx] '\/a—bSin[e+-Fx]

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_])"m_x(d_.+sin[e_.+f_.xx_])~n_,x_Symbol] :=
-bx (d/b) *nxCos [e+'F*x]/('F*Sqr‘t [a+b*Sin [e+'F*x] ] *Sqrt [a-b*Sin [e+f*x] ] ) *
Subst[Int[ (a-x)~n« (2#a-x)~(m-1/2) /Sqrt[x],x],X,a-bxSin[e+f+x]] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2-b"2,0] & Not[IntegerQ[m]] && GtQ[a,0] && GtQ[d/b,O]

2: J(a+bsin[e+fx])"'(dSin[e+-Fx])"d1x when a2-b2=0 Am¢Z A a>0 A E}e

Derivation: Piecewise constant extraction

dSin[e+fx])" )
bSin[e+fx])"

Basis:@xi
Rule:lf a2 -b2==9 Ame¢Z Aa>0 A %}0,then

(%) IntPart[n] (d Sin [e . f X] ) FracPart[n]

J(a+bsin[e+fx])m (dsin[e+fx])"dx — J(a+bsin[e+fx])'" (bsin[e+fx])"dax

(b Sin[e +f X] ) FracPart[n]

Program code:

Int[(a_+b_.xsin[e_.+f_.*x_])"m_x(d_.*sin[e_.+f_.»x_])"n_.,x_Symbol] :=
(d/b) ~IntPart[n] « (d«Sin[e+fx])~FracPart [n]/(b*Sin [e+fxx])~FracPart[n]+Int[ (a+bxSin[e+fxx]) mx (bxSin[e+fxx])~n,x] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2-b"2,0] & Not[IntegerQ[m]] && GtQ[a,0] && Not[GtQ[d/b,0]]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2: j(a+bsin[e+fx])m (dSin[e+-Fx])"d1x when a2 -b%2==0 Am¢Z A a30

Derivation: Piecewise constant extraction

(atbsSinfe+fx])" __ g
<1+§ Sinf[e+f x] )m

Basis: Oy

Rule:If a2 -b%2==0 Am¢Z A a3 0,then

aIntPart[m] (a +bSin [e + f X] ) FracPart[m]

b
[1+ Zsin[e+£x]| (dsin[esx])"dx
a

J(a+bsin[e+fx])"' (dsin[e+fx])"dx —

. Fracpart [m]
(1+§Sln[e+fx]) racrartin

Program code:
Int[(a_+b_.xsin[e_.+f_.%x_])"m_x(d_.*sin[e_.+f_.»x_])"n_.,x_Symbol] :=
a~IntPart[m] « (a+bxSin[e+fxx])FracPart [m]/(1+b/axSin [e+f+x])~FracPart[m]«

Int[ (1+b/a*Sin[e+fxx])mx (d«Sin[e+fxx])~n,x] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2-b"2,0] && Not[IntegerQ[m]] & Not[GtQ[a,0]]

2: J\(a+bsin[e+1=x])m (c+dSin[e+fx])"d1x whenbc-ad#0 A a2-b%==0 A c2-d?#0 Am¢z

Derivation: Piecewise constant extraction and integration by substitution

Basis: If a2 - b2 == 9, then 9y Cos[e+f x] ==
~Ja+bSin[e+fx] /a-bSin[e+f x]
Basis: If a2 - b2 == 9, then a® Cos [e+f x| Cos[e+f x] -1
’ vJa+bSin[e+fx] +a-bSin[e+fx] +/a+bSin[e+fx] +/a-bSin[e+fx]
Basis: Cos[e + f x] = ¢ 6xSin[e + fx]

Rule:lf bc-ad+0 A a?-b2=0 A c?2-d?>+0 A me Z,then



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

J(a+b$in[e+fx])"' (c+dsinfe+fx])"dx —

a’Cos|[e + fx| J\Cos[eﬂcx] (a+bsin[e+fx])'"'§' (c+dsin[e+fx])“
dx —
\/a+bSin[e+-Fx] \/a—bSin[e+-Fx] \/a—bSin[e+-Fx]
2c f bx)"™ dx)"
@’ Cosfe+fx] Subst J(“ MR CL AL M sinfe+ x]]
-F\/a+bSin[e+-Fx] \/a—bSin[e+-Fx] Va-bx

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_]) m_x(c_+d_.xsin[e_.+f_.»x_])~n_.,x_Symbol] :=
ar2xCos [e+fxx]/(fxSqrt[a+bxSin[e+fxx]]+Sqrt[a-bxSin[e+fxx]]) *Subst [Int[ (a+bxx)~ (m-1/2) « (c+d*X) *n/Sqrt[a-bx],x],X,Sin[e+fxx]] /;
FreeQ[{a,b,c,d,e,f,m,n},x| & NeQ[bxc-axd,0] & EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && Not[IntegerQ[m]]

46



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

8. j(a+bsin[e+fx])'" (c+dSin[e+-Fx])"d1x whenbc-ad#0 A a2-b?#0 A c2-d*+0
1. J(a+b$in[e+fx])’" (c+dsin[e+fx])2d1x whenbc-ad#0 A a2-b%+0

1 j(bsin[e+fx])m (c+dsin[e+fx])?dax

Derivation: Algebraic expansion

Basis: (c+dz)? = 2% (bz) + (c?+d? 22

Rule:
J.(bsin[ewa])'" (c+dSin[e+-Fx])2d1x —
2cd

TJ(bsin[e+fx])m+1dx+j(bsin[ewa])m(c2+dzsin[e+-Fx]2) dx

Program code:

Int[(b_.#sin[e_.+f_.xx_])"m_x(c_+d_.*sin[e_.+f_.»x_])~2,x_Symbol] :=
2xCcxd/bxInt [ (b*Sin [e+f*x] ) A (m+1) ,x] + Int [ (b*Sin [e+'F*x] ) m* (c"2+d"2*Sin [e+'F*x] "2) ,x] /3
FreeQ[{b,c,d,e,f,m},x]

2: J(a+bsin[e+fx])m (c+dSin[e+-Fx])2d1x whenbc-ad#0 A a2-b%2#0 A m< -1

Derivation: Nondegenerate sine recurrence lawithA - c?, B-2cd, C»d?, n-90, p-> 0
Rule:lf bc-ad+0 A a?2-b2+0 A m< -1,then

f(a+bsin[e+fx])m (c+dSin[e+-Fx])2d1x —

(b2c2—2abcd+a2d2) Cos[e+fx] (a+bSin[e+-Fx])'“+1

bf (m+1) (a%-b?)
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

1
b (m+1) (a%-b?)

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_]) m_#(c_.+d_.xsin[e_.+f_.»x_])~2,x_Symbol] :=
- (b”"2xc”2-2xaxbxcxd+a”2xd”*2) xCos [e+'F*x] * (a+b*Sin [e+'F*x] ) A (m+1)/(b*'F* (m+1) x (a”~2-b"2) ) -
1/ (bx (m+1) » (a*2-b"2) ) *Int [ (a+bxSin[e+fxx] )" (m+1) *
Simp [b* (m+1) * (2xbxcxd-ax (c”2+d”2) ) + (a”2xd”2-2xaxbxCcxd* (m+2) +b"2% (d*2x (m+1) +C”2x (m+2) ) ) *Sin [e+'F*X] ,x] ,X] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && LtQ[m,-1]

3: J(a+bsin[e+fx])m(c+dSin[e+-Fx])2d1x whenbc-ad#0 A a2-b2#0 A m¢-1

Derivation: Nondegenerate sine recurrence 1lb withA - a2, B~2ab, C>b%, m-> 0, p—> 0
Rule:if bc-ad+0 A a2-b2+0 A m<¢ -1,then

j(a+b$in[e+fx])'" (c+dSin[e+-Fx])2d1x —

dZCos[e+-Fx] (a+bSin[e+1:x])m+1
) bf (m+2) "

1
b (m+2)

JXa+bSinh+fx]W(b(¥(m+1)+8(m+2))—d(ad—Zbc(m+n)sinh+fx])dx

Program code:

Int[(a_+b_.»sin[e_.+f_.%x_])"m_x(c_.+d_.+sin[e_.+f_.*x_])"2,x_Symbol] :=

-d*2xCos [e+-F*x] * (a+b*Sin [e+-F*x] )" (m+1)/(b*-F* (m+2) ) +

1/ (b* (m+2) ) *Int [ (a+b*Sin [e+f*x] ) Am*Simp [b* (d*2% (m+1) +Cc*2% (M+2) ) -d* (a*d-2xbxcx (m+2) ) *Sin [e+f*x] ,x] ,x] /3
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && Not[LtQ[m,-1]]

J(a+bsin[e+fx])m+1 (b (m+1) (2bcd-a (c?+d?)) + (a®d*-2abcd (m+2) +b® (d® (m+1) +c® (m+2))) Sin[e+fx]) dx
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n 49

X: J(a+bsin[e+fx])'" (dSin[e+fx])"d1x when a2 -b2#0 A mez*

Derivation: Algebraic expansion

Note: If terms having the same powers of sin[e + £x] are collected, this rule results in more compact antiderivatives;
however, the number of steps required grows exponentially with m.

Rule:If a2 -b%? + @ A me Z*, then

J(a+bsin[e+fx])m(dSin[e+-Fx])"d1x—>jExpandTr‘ig[(a+bSin[e+-Fx])"'(dSin[e+-Fx])", x] dx

Program code:

(» Int[(a_+b_.«sin[e_.+Ff_.#x_]) m_.»(d_.xsin[e_.+f_.»x_])"n_.,x_Symbol] :=
Int[ExpandTrig[ (a+bxsin[e+fxx])mx (dxsin[e+fxx])~n,x],x] /;
FreeQ[{a,b,d,e,f,n},x] && NeQ[a~2-b"2,0] && IGtQ[m,0] *)

2. J(a+bsin[e+fx])'" (c+dSin[e+fx])"d1x whenbc-ad#0 A a2-b2#0 A c2-d2#0 Am>2

1: J(a+b5in[e+fx])’"(c+dsin[e+fx])"d]x whenbc-ad#0 A a2-b2#0 A c2-d’#0 Am>2 A n<-1

Derivation: Nondegenerate sine recurrence lawithA - c?, B-2cd, C-d?, n-n-2, p-> 9

Rule:if bc-ad+0© A a?-b%2+#0@ A c>2-d>+0 Am>2 A n< -1,then

J.(a+bsin[e+fx])"' (c+dsin[e+fx])"dx —
-(((p*c*-2abcd+a’d?) Cos[e+fx] (a+bSin[e+-Fx])""2 (c+dSin[e+-Fx])"*1)/(d f(n+1) (*-d?))) +

1
J.(a+b5in[e+-Fx])""3 (c+dSin[e+fx])"+1-
d(n+1) (c*-d?)
(b(m-2) (bc-ad)?+ad (n+1) (c(a’?+b*) -2abd) +
(b(n+1) (abc*+cd (a®+b?) -3abd?) -a(n+2) (bc-ad)?)Sin[e+fx] +




Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

\ v

b(bzﬁz-f)-m(ﬂc-adf+dn(2abc-d(¥+bﬂ))5ﬂ¢e+f;r)dx

’ a

Program code:

Int[(a_.+b_.#sin[e_.+f_.xx_] ) m_#(c_.+d_.»sin[e_.+f_.*x_])~n_,x_Symbol] :=
- (b"2xc”2-2xaxbxcxd+a”2xd”2) xCos [e+-F*x] * (a+b*Sin [e+f*x] ) A(m=-2) » (c+d*Sin [e+f*x] ) n (n+1)/(d*f* (n+1) » (c”2-d"2) ) +
1/ (d* (n+1) = (c*2-d”2) ) xInt [ (a+b*Sin [e+'F*X] ) A(m-3) % (c+d*Sin [e+f*x] ) A(n+l) *
Simp [b* (m-2) » (bxc-a*d) *2+axd* (n+1) » (Cx (a”2+b"2) -2xaxbxd) +
(b* (n+1) * (axbxc”2+cxdx (a”2+b”"2) -3xaxbxd”2) -a* (n+2) x (bxc-axd) ~2) x*Sin [e+-F*x] +
bx (b”2% (c*2-d”2) -mx (bxc-axd) *2+dxn* (2xaxbxc-dx (a*2+b”2))) *Sin [e+'F*X] "Z,X] ,X] /5
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] 8&& NeQ[c2-d"2,0] & GtQ[m,2] && LtQ[n,-1] & (IntegerQ[m]

|| IntegersQ[2xm,2xn])
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2: J(a+bSin[e+-Fx])m(c+dSin[e+-Fx])"dlx whenbc-ad#0 A a2-b2#0 A c2-d’#0 Am>2 An¢-1

Derivation: Nondegenerate sine recurrence lb withA - a2, B~>2ab, C>b%, m->m-2, p-> 0
Rule:lf bc-ad+0 A a?2-b220 A c>-d>+0 Am>2 A n<¢ -1,then

J(a+bsin[e+fx])m (c+dsin[e+fx])"dx —

b2 Cos[e+fx] (a+bsin[e+fx])"? (c+dsin[e+fx])"*

+

df (m+n)

_r

d (m+n)
(fd(m+n)+N(bc(m—b+ad(n+n)—b(abc—Nd(m+n—1)—3¥d(m+m)sﬂﬂe+fx]—N(bc(m—n—ad(3m+2n—n)shﬂe+fxr)dx

j(a+bsin[e+fx])m'3 (c+dsin[e+fx])"

Program code:

Int[(a_.+b_.#sin[e_.+f_.xx_] ) m_«(c_.+d_.xsin[e_.+f_.*x_])~n_,x_Symbol] :=
-b”2xCos [e+-F*x] * (a+b*Sin [e+'F*X] )" (m-2) = (C+d*Sin [e+'F*X] ) 2 (n+1)/(d*'F* (m+n) ) +
1/ (d* (m+n) ) *Int [ (a+b*Sin [e+'F*x] ) A(m-3) * (c+d*Sin [e+f*x] )"n*
Simp [a"3*d* (m+n) +b*2% (bxcx (m-2) +a*xd* (n+1) ) -
bx (axbxc-b*2xd* (m+n-1) -3xa”*2xd* (m+n) ) *Sin [e+-F*x] -
b”2% (bxcx (m-1) —axd* (3xm+2xn-2) ) *Sin [e+f*x] "2,x] ,x] /3
FreeQ[{a,b,c,d,e,f,n},x] & NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && GtQ[m,2] &&
(IntegerQ[m] || IntegersQ[2xm,2xn]) && Not[IGtQ[n,2] && (Not[IntegerQ[m]] || EqQ[a,0] && NeQ[c,0])]

3. J(a+bSin[e+-Fx])"'(c+dSin[e+-Fx])“d1x whenbc-ad#0 A a2-b2#0 A c2-d?2#0 Am< -1
1. J(a+bsin[e+fx])"‘(c+dsin[e+fx])"d1x whenbc-ad#0 A a2-b2#0 A c2-d?#0 Am<-1 A O<n<2

1. J.(a+bSin[e+-Fx])'"(c+dSin[e+-Fx])"dlx whenbc-ad#0 A a2-b?#0 A c2-d*#0 Am<-1 A0@<n<1

\/c+d5in[e+fx]
1. dx whenbc-ad#0 A a®-b%>#0 A c2-d*#0
(a+bsinfe+fx])*?
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n 52

. J \dsin[e+ fx]
(

dx when a? - b? #@
a+bsin[e+fx])*?

Derivation: Nondegenerate sine recurrence lawithA -0, B-d, C-0, m-> -=, n > -

, p—>0

N W
N =

Rule: If a2 - b% # 9, then

J\ '\/dSin[e+fx] 2adCos[e+fx] d? \/a+bSin[e+fx]
dx — dx

(a+bSin[e+-Fx])3/2 f(az—bz)\/a+bsin[e+fx] \/dsin[e+fx] a’-b? (dSin[e+-Fx])3/2

Program code:

Int[Sqrt[d_.sin[e_.+f_.+x_]]/(a_+b_.xsin[e_.+f_.xx_])"(3/2),x_Symbol] :=
-2xaxdxCos [e+f*x]/(f* (a"2-b"2) xSqrt [a+bxSin[e+fxx] | xSqrt[d«Sin[e+fxx]]) -
d~2/ (a"2-b"2) +Int [Sqrt [a+bxSin[e+fxx] ]/(d*Sin [e+fxx])~(3/2),x] /;

FreeQ[{a,b,d,e,f},x]| && NeQ[a~2-b"2,0]



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

\/c+dSin[e+fx]
2: dx whenbc-ad#0 A a2-b%2#0 A c2-d*>#0
(a+bsinfe+fx])*?

Derivation: Algebraic expansion

Basis: \crdz __¢c-d 1 bc-ad 1+z

(a+bz)¥?  a-b /3ipz [csdz a-b  (aibz)32+/cidz
Rule:lf bc-ad+0 A a2-b2+0 A c?-d? +9,then

\/c+d5in[e+fx]
dx —
(a+bsin[e+fx])*?

bc-adJ‘ 1+Sin[e+fx]
X - dx

c-d 1
d
a_bJ\'\/a+bSin[e+-Fx] '\/c+dSin[e+-Fx] a-b (a+bSin[e+-Fx])3/2\/c+dSin[e+fx]

Program code:

Int[Sqrt[c_+d_.+sin[e_.+f_.xx_]]/(a_.+b_.xsin[e_.+f_.»x_])~(3/2),x_Symbol] :=

(c-d) / (a-b) +Int[1/(Sqrt[a+b+Sin[e+fxx]]*Sqrt[c+d+Sin[e+f+x]]),x] -

(bxc-axd) / (a-b) +Int[ (1+Sin[e+fxx])/((a+bxSin[e+fxx])~(3/2) xSqrt[c+d+Sin[e+fxx]]),x] /;
FreeQ[{a,b,c,d,e,f},x] & NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] & NeQ[c"2-d"2,0]

2: j(a+bsin[e+fx])'"(c+dSin[e+fx])"d1x whenbc-ad#0 A a2-b?#0 A c2-d?*#0 Am<-1 A0@<n<1

Derivation: Nondegenerate sine recurrence lawithA -1, B-0, C-> 0, p >0
Derivation: Nondegenerate sine recurrence 1c withA->c¢c, B»>d, C->0, n>n-1, p—> @

Rule:lf bc-ad+0 A a?2-b2+0 A c?-d?+0 Am< -1 A 0O<nc<1,then

J(a+bsin[e+fx])m (c+dsin[e+fx])"dx —
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

bCos[e+fx] (a+bSin[e+-Fx])"'+1 (c+dSin[e+fx])"

+
f(m+1) (a%-b?)
;J‘(a+bsin[e+fx])'"+l (c+dSin[e+-Fx])"'1-

(m+1) (a%-b?)

(ac(m+1) +bdn+ (ad (m+1) -bc (m+2)) Sin[e+fx] -bd (m+n+2) Sin[e+fx]2) dx

Program code:

Int[(a_.+b_.#sin[e_.+f_.*x_] ) m_#(c_.+d_.xsin[e_.+f_.*x_])~n_,x_Symbol] :=
-bxCos [e+f*x] * (a+b*Sin [e+-F*x] ) A(m+1) * (C+d*5in [e+f*x] )"n/(-F* (m+1) » (a”2-b"2) ) +
1/ ((m+1) * (a”2-b”2) ) xInt [ (a+b*Sin [e+'F*X] )" (m+1) (C+d*Sin [e+'F*X] ) A(n-1) %
Simp [a*c* (m+1) +b*dxn+ (axd* (m+1) -bxCx (m+2) ) *Sin [e+'F*x] -bxd* (m+n+2) *Sin [e+f*x] "2,x] ,X] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] & LtQ[m,-1] && LtQ[@,n,1] && IntegersQ[2xm,2xn]



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2. J-(a+bsin[e+fx])"'(c+dSin[e+-Fx])"dlx whenbc-ad#0 A a2-b?#0 A c2-d*#0 Am<-1 A l1l<n<2

dx whenbc-ad#0 A a2-b%2#0 A c2-d*>#0

. J-(c+dsin[e+-Fx])3‘/2

(a+bSin[e+-Fx])3/2

dx when a?-b%2#0

_ (dSin[e+-Fx])3/2
" j(a+bsin[e+fx])3/2

Derivation: Algebraic expansion

Basis: (dz)*? __ _d+dz _ _advdz
" (a+bz)?? b+ a+bz b (a+bz)3/?

Rule: If a2 - b% + 0, then

J (dsin[e+-Fx])3/2 dx d ydSin[e+ fx] —EJ\ '\/dsin[e+fx]

dx
(a+bSin[e+-Fx])3/2 b \/a+bSin[e+-Fx] b (a+bSin[e+-Fx])3/2

Program code:

Int[(d_.+sin[e_.+f_.xx_])~(3/2)/(a_+b_.xsin[e_.+f_.xx_])"(3/2),x_Symbol] :=
d/bxInt[Sqrt[d+Sin[e+fxx]]/Sqrt[a+bsSin[e+f+x]],x] -
axd/bxInt[Sqrt[d+Sin[e+fxx]]/(a+bxSin[e+fxx])"(3/2),x] /;

FreeQ[{a,b,d,e,f},x] && NeQ[a"2-b"2,0]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n 56

)3/2

dx whenbc-ad#0 A a2-b?#0 A c2-d?#0

(c+dsinfe+fx]
2: J(

a+bsinfe+fx])*?

Derivation: Algebraic expansion

Basis: (cedz)?2 d>+/atbz + (bc-ad) (bc+ad+2bdz)
" (a+bz)3? b2~/c+dz b2 (a+bz)3/2/c+dz

Rule:if bc-ad+0 A a2-b%+0 A c?-d? +0,then
J(c+dSin[e+fX])3/2d1 ﬁ '\/a+bSin[e+'Fx] g (bc—ad)J bc+ad+2bdSin[e + fx]
(

(a+bsin[e+fx])*? b \/c+dsin[e+'Fx] b*

dx

a+bSin[e+-Fx])3/2\/c+dSin[e+-Fx]

Program code:

Int[(c_+d_.xsin[e_.+f_.xx_])~(3/2)/(a_.+b_.xsin[e_.+f_.xx_])"(3/2) ,x_Symbol] :=
d~2/b"2+Int[Sqrt[a+bsSin[e+fxx]]/Sqrt[c+d+Sin[e+fxx]],x] +
(bxc-axd) /b”2xInt [Simp [b*c+a*d+2*b*d*$in [e+f*x] ,X]/( (a+b*Sin [e+f*x] ) A (3/2) xSqrt [c+d*S:i.n [e+f*x] ] ) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]

2: j(a+bsin[e+fx])m(c+dSin[e+fx])"d1x whenbc-ad#0 A a2-b2#0 A c2-d?#0 Am<-1 Al<n<2

Derivation: Nondegenerate sine recurrence lawithA->c, B-d, C-0, n>n-1, p-> 0

Rule:lf bc-ad+0 A a?-b2+0 A c?-d?+@0 Am<-1 A 1<nc<2,then

J(a+bsin[e+fx])m (c+dsinfe+fx])"dx —

(bc-ad) Cos[e +fx] (a+bSin[e+-Fx])'"+1 (c+dSin[e+-Fx])"'1

+

f(m+1) (a%-b?)

ﬁj(awsin[emx]w (c+dsin[es£x])™?.
(m+1) (a*-b



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

k(ac-bd)(m+1)+d(bc-ad)(n-1)+(d(ac-bd)(m+1)-c(bc-ad)(m+n)51nh+fx]-d(bc-ad)(m+n+1)$ﬂﬂe+fxr)dx

Program code:

Int[(a_.+b_.#sin[e_.+f_.*x_] ) m_«(c_.+d_.xsin[e_.+f_.*x_])~n_,x_Symbol] :=
- (bxc-axd) xCos [e+'F*x] * (a+b*Sin [e+'F*x] ) A(m+l) * (c+d*S:i.n [e+f*x] )" (n—1)/(-F* (m+1) » (a~2-b”2) ) +
1/ ((m+1) » (a"2-b"2) ) xInt [ (a+b#Sin[e+fxx] )" (m+1) » (c+d*Sin[e+fxx] )" (n-2) »
Simp[c*(a*c—b*d)*(m+1)+d*(b*c—a*d)*(n—1)+(d*(a*c—b*d)*(m+1)-c*(b*c—a*d)*(m+2))*Sin[e+f*x]-d*(b*c—a*d)*(m+n+1)*Sin[e+f*x]A2,x],x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] & NeQ[c"2-d"2,0] && LtQ[m,-1] & LtQ[1,n,2] && IntegersQ[2m,2xn]

2. J(a+bsin[e+fx])m(c+dSin[e+-Fx])"dlx whenbc-ad#0 A a2-b2#0 A c2-d*>#0 Am<-1An30

1
1.J dx whenbc-ad#0 A a®-b%2#0 A c2-d?#0
(a+bSin[e+fx])3/2\/c+dSin[e+-Fx]

1
1: J\ dx when a2 -b%2#0
(a+bSin[e+-Fx])3/2Vdsin[e+fx]

Derivation: Nondegenerate sine recurrence lawithc -0, A-1,B-0, C>0, p>0, m—- - %, n - —%
Rule: If a2 - b% + 0, then
J 1 2bCos[e+fx| d b+asin[e+fx]
dx — + 3 5 dx
(a+bSin[e+-Fx])3/2'\/dSin[e+fx] f(az—bz)\/a+bsin[e+fx] \/dSin[e+-Fx] a’-b \/a+bSin[e+fx] (dSin[e+1:x])3/2

Program code:

Int[1/((a_+b_.xsin[e_.+f_.xx_])"(3/2) +Sqrt[d_.+sin[e_.+f_.xx_]]),x_Symbol] :=
2xbxCos [e+f*x]/(f* (a”2-b”2) xSqrt [a+b*Sin [e+f*x] ] *Sqrt [d*S:i.n [e+'F*X] ] ) +
d/ (a*2-b”2) xInt [ (b+a*Sin [e+'F*x] )/(Sqr't [a+b*sin [e+f*x] ] * (d*Sin [e+f*x] ) ~(3/2) ) ,x] 78
FreeQ[{a,b,d,e,f},x] && NeQ[a"2-b"2,0]



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

Z:J ! dx whenbc-ad#0 A a2-b%2#0 A c2-d?>#0
(a+bSin[e+-Fx])3/2'\/c+dsin[e+fx]

Derivation: Algebraic expansion

1 _ 1 _ b (1+2)
(a+bz)3/? (a-b) v a+b z (a-b) (a+bz)3?

Rule:lf bc-ad+0 A a2-b2+0 A c?-d? +0,then

Basis:

J\ ! dx —
(a+bSin[e+fx])3/2\/c+dSin[e+fx]

1 J 1 b J 1+Sin[e+fx|
dx -
a-b \/a+bSin[e+'Fx] \/c+dSin[e+fx] a-b (a+bSin[e+fx])3/2\/c+dSin[e+fx]

Program code:

Int[1/((a_.+b_.*sin[e_.+f_.*x_])~(3/2) *Sqrt[c_.+d_.+sin[e_.+f_.+x_]]),x_Symbol] :=
1/ (a-b) xInt [1/(Sqrt [a+bxSin[e+fxx] ] *Sqrt[c+d+Sin[e+fxx]]),x] -
b/ (a-b) *Int[ (1+Sin[e+fxx] )/( (a+bxSin[e+fxx] )~ (3/2) #Sqrt [c+d«Sin[e+fxx]]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,@0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]

2: J‘(a+bsin[e+1=x])m (c+dSin[e+fx])"d1x whenbc-ad#0 A a2-b?>#0 A c2-d?’#0 Am<-1An30

Derivation: Nondegenerate sine recurrence 1cwithA -1, B-0, C->0, p—> 0
Rule:iff bc-ad+0© A a?-b%2+20 A c?-d>+0 Am< -1 A n % 0,then

f(a+bsin[e+fx])m (c+dsinfe+fx])"dx —

b?Cos[e+fx] (a+bsin[e+fx])™" (c+dsin[e+fx])"*
- +

f(m+1) (bc-ad) (a’-b?)
1

a+bsSinfe+fx])™* (c+dsinfe+fx])".
(m+1) (bc-ad) (a’-b?) J( [ ™ ( [ 1)



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

(a(bc-ad) (m+1) +b>d (m+n+2) - (b>’c+b (bc-ad) (m+1)) Sin[e+fx] -b>d (m+n+3) Sin[e+fx]2) dx

Program code:

Int[(a_.+b_.#sin[e_.+f_.*x_] ) m_«(c_.+d_.xsin[e_.+f_.*x_])~n_,x_Symbol] :=
-b”2xCos [e+'F*X] * (a+b*Sin [e+‘F*x] )" (m+1) » (c+d*Sin [e+f*x] ) 2 (n+1)/(f* (m+1) » (bxc-axd) * (a”*2-b”2) ) +
1/ ((m+1) * (bxc-axd) x (a*2-b”2) ) xInt [ (a+b*Sin [e+'F*x] )" (m+1) % (c+d*S:i.n [e+f*x] ) nx
Simp[a*(b*c—a*d)*(m+1)+bA2*d*(m+n+2)-(b“2*c+b*(b*c—a*d)*(m+1))*Sin[e+f*x]-bA2*d*(m+n+3)*Sin[e+f*x]A2,x],x] /3
FreeQ[{a,b,c,d,e,f,n},x] & NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && LtQ[m,-1] && IntegersQ[2xm,2xn] &&
(EqQ[a,0] && IntegerQ[m] &&% Not[IntegerQ[n]] || Not[IntegerQ[2xn] && LtQ[n,-1] && (IntegerQ[n] && Not[IntegerQ[m]]

\/c+dSin[e+-Fx]
4: dx whenbc-ad#0 A a2-b%2#0 A c2-d?#0
a+bSin[e+-Fx]

Derivation: Algebraic expansion

c+d z _ d " bc-ad
a+bz b+ c+dz b (a+bz) \/c+dz

Rule:if bc-ad+0 A a2-b%+0 A c?-d? +0,then

Basis:

\/c+dSin[e+-Fx]
dx

dJ 1 bc—adJ 1
- — = dx +
a+b51n[e+fx] b \/c+dSin[e+fx] b (a+bSin[e+fx])\/c+dSin[e+-Fx]

Program code:

Int[Sqrt[c_.+d_.xsin[e_.+f_.#x_]]/(a_.+b_.#sin[e_.+f_.xx_]),x_Symbol] :=
d/bxInt [l/SqI‘t [c+d*Sin [e+-F*x] ] ,X] +
(bxc-axd) /bxInt [1/( (a+bxSin[e+fxx]) #Sqrt[c+d«Sin[e+fxx]]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] 8&& NeQ[c"2-d"2,0]

Il EqQ[a,@])])

dx
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

dx whenbc-ad#0 A a2-b?#0 A c2-d?#0

5. J«(a+bsin[e+1=x])3/2

c+dSin[e+-Fx]

Derivation: Algebraic expansion

icoatbz b _bc-ad
Basis: c+dz  d d (c+d z)

Rule:if bc-ad+0 A a2-b%+0 A c?-d? +0,then

J~(a+bsin[e+-Fx])3/2 4

X — EJ\'\/a+b5in[e+'Fx] dx -
c+dSin[e+fx] d

bc_adJ'\/a+bSin[e+fx]
dx

d c+dSin[e+-Fx]

Program code:

Int[(a_.+b_.#sin[e_.+f_.*x_])"(3/2)/(c_.+d_.sin[e_.+f_.+x_]),x_Symbol] :=
b/d+Int[Sqrt[a+bxSin[e+fsx]],x] - (bxc-axd)/d+Int[Sqrt[a+b+Sin[e+fxx]]/(c+d*Sin[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

G.J = dx whenbc-ad#0 A a2-b?#0 A c2-d?>#0
(a+bSin[e+-Fx]) \/c+dSin[e+fx]

1
1.J dx whenbc-ad#0 A a2-b2#20 A c2-d*>#0 A c+d>0
(a+bsin[e+fx]) \/c+dSin[e+fx]

Derivation: Primitive rule

Basis: If ¢ + d > @,then 9, E1lipticPi[ 28, 1 (x -

1) Zd} _ (a+b) \/c+d
2/7 c+d 2 (a+bSin[x]) v/ c+d Sin[x]

Rule:lf bc-ad+0© A a?-b%2+0 A c>2-d>+0 A c+d > 0,then

1 2 2b 1 P 2d
dx — —EllipticPi[ , = (e——+-Fx),
(a+b5in[e+fx])\/c+dSin[e+-Fx] f(a+b) Vc+d a+b 2 2 c+d
Program code:
Int[1/((a_.+b_.xsin[e_.+f_.xx_])+Sart[c_.+d_.+sin[e_.+f_.*x_]]),x_Symbol] :=
2/(fx (a+b) xSqrt [c+d] ) xE1lipticPi[24b/ (a+b) ,1/2x (e-Pi/2+fxx),2xd/ (c+d)] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] & GtQ[c+d,0]
1
Z.J dx whenbc-ad#0 A a2-b>#0 A c2-d’#0 A c-d>0
(a+bSin[e+-Fx]) \/c+dSin[e+fx]
Derivation: Primitive rule
Basis: If ¢ - d > @, then 6xE1lipticPi|- ﬁ, T(x+ T, - Cz—d] == (a-b) /c-d

2 (a+bSin[x]) v/ c+d Sin[x]
Rule:lf bc-ad+0 A a?2-b2+0 A c>-d?>+0 A c-d > 0,then

]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

1 2 2b 1 7 2d
J\ dx — —EllipticPi[— , — (e+ —+fx), - ]
(a+bsin[e+fx]) /c+dsin[e+fx] f(a-b) Vc-d a-b 2

Program code:

Int[1/((a_.+b_.xsin[e_.+f_.xx_])#Sart[c_.+d_.+sin[e_.+f_.*x_]]),x_Symbol] :=
2/(f*(a-b) xSqrt[c-d] ) +E1lipticPi[-2xb/ (a-b) ,1/2 (e+Pi/2+fxx),-2+d/ (c-d)] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && GtQ[c-d,0]

1
3:J dx whenbc-ad#0 A a2-b2#0 A c2-d’#0 A c+d}0
(a+bsin[e+fx]) \/c+dsin[e+fx]

Derivation: Piecewise constant extraction

c+d F[x

c+d
Basis: & =
X A\ c+d F[X]

Rule:lf bc-ad+0© A a?-b%2+0 A c>2-d>+0 A c+d » 9,then

c+dSinfe+fx]
J 1 c+d J 1

dx
a+bSin[e+-Fx])\/c+dSin[e+-Fx] \/c+d51n[e+fx]

a+b51n[e+fx]) \/c+d - dSln[e+-Fx]

Program code:

Int[1/((a_.+b_.*sin[e_.+f_.xx_])*Sqrt[c_.+d_.+sin[e_.+f_.+x_]]),x_Symbol] :=
Sqrt[ (c+d«Sin[e+fxx])/(c+d)]/Sqrt[c+d+Sin[e+f+x] | +Int[1/( (a+bsSin[e+Ffxx])*Sqrt[c/ (c+d)+d/ (c+d)+Sin[e+Ffxx]]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] & Not[GtQ[c+d,0]]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

'\/a+bSin[e+-Fx]

dx whenbc-ad#0 A a2-b%2#0 A c2-d?>#0

\c+dsin[e+fx]

] '\/bsin[e+fx]

\/c+dSin[e+'Fx]

] '\/bSin[e+fx]

\/c+dSin[e+fx]

] \/bsin[e+fx]

'\/c+dSin[e+-Fx]

dx when c2-d?#0

dx when c2-d?>#0 A %>0

dx when c2-d2>0 A %>a/\ c2>0

Rule:If c2-d2>0 A <d

b
\/bsin[e+fx]
dx —
\/c+dSin[e+'Fx]
cVb (c+d) Tan[e+fx]x/1+Csc[e+fx] \/1—Csc[e+fx] \/c+d51n[e+fx] c+d c+d
EllipticPi [ s ArcSin [ / ]
dfVc?-d? d bSln[e+-Fx

Program code:

Int[Sqrt[b_.«sin[e_.+f_.+x_]]/Sqrt[c_+d_.xsin[e_.+f_.»x_]],x_Symbol] :=
2xc*Rt [bx (c+d) ,2] xTan [e+fxx] +Sqrt [1+Csc[e+fxx]| ] #Sqrt[1-Csc[e+fxx]]/(d+fxSqrt[cr2-d 2] )«

EllipticPi[ (c+d) /d,ArcSin[Sqrt[c+d«Sin[e+fxx]]/Sqrt[bsSin[e+f«x]]/Rt[(c+d)/b,2]],-(c+d)/(c-d)] /;
FreeQ[{b,c,d,e,f},x] && GtQ[c"2-d"2,0] && PosQ[ (c+d)/b] && GtQ[c"2,0]

. '\[bsin[erFx]

\c+dsin[efx]

dx when c2-d?>#0 A %>0

Rule:If c2-d2+0 A % > 0, then



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

'\/bSin[e+fx]

\c+dsin[e+fx]

dx —

2bTan[e+-Fx] [c+d\/ 1+Csc[e+-Fx]) \/c(l—Csc[:rFx]) EllipticPi[c+d
C+

Program code:

5 Ar‘cSin[
b Sin [e +f x

Int[Sqrt[b_.xsin[e_.+f_.+x_]]/Sqrt[c_+d_.+sin[e_.+f_.xx_]],x_Symbol] :=
2+bxTan [e+fxx]/(d«f) xRt [ (c+d) /b,2] xSqrt[cx (1+Csc[e+fxx]) /(c-d) | #Sqrt[cx (1-Csc[e+fxx])/(c+d) |+
EllipticPi[ (c+d) /d,ArcSin[Sqrt[c+d«Sin[e+fxx]]/Sqrt[bsSin[e+fsx]]/Rt[(c+d)/b,2]],-(c+d)/(c-d)] /;
FreeQ[{b,c,d,e,f},x] & NeQ[c"2-d"2,0] && PosQ[ (c+d) /b]

\/ bsin[e+fx]

'\/c+dSin[e+'FX]

dx when c2-d2#0 A %}0

Derivation: Piecewise constant extraction

Basis: Oy AR 0

VFOT
Rule:If c2-d2+0 A % + 0, then

'\/bSin[e+fx] '\/bSln[e+fx —bSln[e+-Fx]
dx

\/c+dsin[e+fx] \/ bSln[e+fx] \/c+d51n[e+fx]

dx

Program code:

Int[Sqrt[b_.sin[e_.+f_.+x_]]/Sqrt[c_+d_.+sin[e_.+f_.xx_]],x_Symbol] :=
Sqrt[bxSin[e+fxx]]/Sqrt[-bsSin[e+fxx]]+Int[Sqrt[-bsSin[e+f+x]]/Sqrt[c+d+Sin[e+fsx]],x] /;
FreeQ[{b,c,d,e,f},x] & NeQ[c"2-d"2,0] && NegQ[ (c+d) /b]

\/c+d51n[e+-Fx] /

,C+d] C+d
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

\/a+bSin[e+fx]

dx whenbc-ad#0 A a2-b%2#0 A c2-d%>#0

\/c+dsin[e+fx]

\/a+bSin[e+fx]

X:
\/dsin[e+-Fx]

dx when a?-b%?#0

Derivation: Algebraic expansion

Basis: \Ja+b z - a " b~/dz
\dz Va+bz /dz dva+bz

Rule: If a2 - b% # 9, then

dx — a

J‘\/a+bsin[e+fx] 1
'\/dSin[e+fx] \/a+bSin[e+-Fx] \/dsin[e+fx]

Program code:

(+ Int[Sqrt[a_+b_.xsin[e_.+f_.+x_]]/Sqrt[d_.«sin[e_.+f_.+x_]],x_Symbol] :=
axInt[1/(Sqrt[a+bxSin[e+fsx]]*Sqrt[d+Sin[e+fsx]]),x] +
b/d+Int[Sqrt[d«Sin[e+f+x]]/Sqrt[a+bsSin[e+f+x]],x] /;

FreeQ[{a,b,d,e,f},x]| && NeQ[a"2-b"2,0] x)

b Si f
- '\/a+ 1n[e+ x]

dx when a2-b%?#0 A 2259

d
\/dSin[e+fx]

Rule:If a2 - b2 + 0 A a;—b > 0, then

'\/a+bSin[e+fx]
dx —

y/dsin[e+ fx]

dx + —

b '\/dSin[e+fx]

4 J \a+bsin[esfx]

dx
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n 66

EllipticPi[

2(a+bSin[e+-Fx]) a(l—Sin[e+fx]) a(1+Sin[e+fx])
a+bSin[e+-Fx] a+bSin[e+-Fx]
d-FJ a;—b Cos|[e+ fx|

Program code:

b Ar-cSin[ ’a;b ydSin[e+ fx] ],_a—b]

3
axb \/a+bSin[e+-Fx] a+b

(+ Int[Sqrt[a_+b_.xsin[e_.+f_.+x_]]/Sqrt[d_.sin[e_.+f_.+x_]],x_Symbol] :=
2% (a+b*Sin [e+-F*x] )/(d*f*Rt[ (a+b) /d,2] xCos [e+'F*X] ) *Sqrt [a* (1—Sin [e+'F*X] )/(a+b*Sin [e+-F*x] ) ] *Sqrt [a* (1+Sin [e+'F*X] )/(a+b*Sin [e+'F*X] ) ] *
EllipticPi[b/ (a+b) ,ArcSin[Rt[ (a+b) /d,2]* (Sqrt[d+Sin[e+fxx]]/Sqrt[a+bsSin[e+fxx]])],-(a-b)/(a+b)] /;
FreeQ[{a,b,d,e,f},x] && NeQ[a"2-b"2,0] && PosQ[ (a+b)/d] *)



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

; \/a+bSin[e+fx]

dx whenbc-ad#0 A a>-b2#0 A c2-d’#0 A 2250

\c+dsin[efx]

Rule:lf bc-ad+0 A a2-b2+#0 A c2-d2+0 A 2:2 > 0, then

\/a+bSin[e+-Fx]
dx —

\/c+dSin[e+fx]

2 (a+bsin[e+fx]) (bc-ad) (1+Sin[e+fx])

\ (c-d) (a+bsin[e+fx])

df .| &L Cos|[e + fx|

c+d

_(bc-ad) (1-sin[e+fx]) EllipticPi[b(c+d),Arcsin[ [a+b \/c+dsin[e+fx] ]’ (a-b) (c+d)]
(c+d) (a+bsin[e+fx]) d(a+b) c+d \/a+bsin[e+fx] (a+b) (c-d)

Program code:

Int[Sqrt[a_+b_.+sin[e_.+f_.xx_]]/Sart[c_.+d_.+sin[e_.+f_.+x_]],x_Symbol] :=
2% (a+b*Sin [e+f*x] )/(d*f*Rt[ (a+b) / (c+d) ,2] xCos [e+f*x] ) *
Sqrt [ (bxc-axd) = (1+Sin [e+f*x] )/( (c-d) = (a+b*Sin [e+f*x] ) ) ] *
Sgrt [— (bxc-axd) » (1—Sin [e++'*x] )/( (c+d) (a+b*Sin [e++'*x] ) ) ] *
E1lipticPi[bx (c+d)/ (d (a+b)),ArcSin[Rt[ (a+b)/ (c+d),2] *Sqrt[c+d=Sin[e+fxx] ]/Sqrt [a+bxSin[e+fxx]]], (a-b) * (c+d) / ((a+b) x (c-d)) ] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] & NeQ[c"2-d*2,0] && PosQ[ (a+b)/(c+d)]

\a+bsin[e+Fx]
2:

dx whenbc-ad#0 A a2-b2#0 A c2-d?#0 A 2230

c+d

\/c+dSin[e+fx]

Derivation: Piecewise constant extraction

Basis: Oy NEX g

VI



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

Rule:lif bc-ad+#0 A a2-b2+0 A c2-d2+0 A ﬁ}@,then
J\/a+bsin[e+fx] g \/—c-dsin[e+fx] \/a+bsin[e+fx]

Cos[e+f X]

dx
\/c+dsin[e+-Fx] \/c+dSin[e+-Fx] \/—c—dSin[e+-Fx]
Program code:
Int[Sqrt[a_+b_.+sin[e_.+f_.xx_]]/Sart[c_.+d_.+sin[e_.+f_.xx_]],x_Symbol] :=
Sqrt[-c-d«Sin[e+fxx]]/Sqrt[c+dsSin[e+fxx]]+Int[Sqrt[a+bsSin[e+f+x]]/Sart[-c-d«Sin[e+fsx]],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] & NeQ[c"2-d"2,0] && NegQ[ (a+b)/(c+d)]
S.J ! dx whenbc-ad#0 A a2-b?#0 A c2-d?>#0
'\/a+bSin[e+fx] \/c+dsin[e+fx]
1
1. J dx when a? -b? #0
\/a+bSin[e+fx] \/dSin[e+-Fx]
1
1.J dx when a2 -b2<@ A b2>0
\a+bsin[e+fx] +/dsin[esfx]
1:J ! dx when a*> -b?2<@ A d*==1 A bd>0
'\/a+bSin[e+-Fx] \/dsin[e+fx]
Derivation: Integration by substitution
Basis:If a2-b2 <0 A d?>=1 A bd > 0, then
1 __ 2d S 1 Cos [e+f x]
= - ubst { X .
Va+bsSin[e+fx] /dSin[e+f x] f/a+bd > 77 1+dsin[e+fx]

_ 2
1-x2 [ 14{abdixc
a+bd

Rule:If a2 -b%> <0 A d?>=1 A bd > 0, then

X 1+dSin[e+f x]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

1 2d 1 Cos[e+ fx]
dx — ——Subst[ dx, X, m]
. . .F«l bd 1+dSin|e+ fx
\/a+b51n[e+fx] '\/d51n[e+-Fx] a+ NI 1+ (a:::d)xz
2d Cos[e + x| a-bd
— -—EllipticF[Ar‘cSin[ ], - ]
fVa+bd 1+dSin[e+fx] a+bd

Program code:

Int[1/(Sqrt[a_+b_.xsin[e_.+f_.xx_]]+Sqrt[d_.+sin[e_.+f_.*x_]]),x_Symbol] :=
-2+d/(fxSqrt[a+bxd] ) +EllipticF [ArcSin[Cos [e+fxx]/(1+d+Sin[e+fxx])],- (a-bxd)/ (a+bxd)] /;
FreeQ[{a,b,d,e,f},x]| && LtQ[a"2-b"2,0] && EqQ[d*2,1] && GtQ[bxd,0]

1

2:
J\'\/a+bsin[e+fx] \/dsin[e+fx]

dx when a2-b%2<0 A b2>0 A —-(d2==1/\bd>e)

Derivation: Piecewise constant extraction

Basis: O VBEIX]
X /d Fx]

Rule:If a>-b*><@ A b>>0 A - (d>=1 A bd > 0),then

Si b] Si f
J 1 dx \/ ign[b] Sin[e + f x] J 1 ax
\/a+bsin[e+fx] \/dSin[e+fx] y/dSin[e+ fx] \/a+bSin[e+fx] \/Sign[b] Sin[e + fx|
Program code:

Int[1/(Sqrt[a_+b_.xsin[e_.+f_.xx_]]*Sqrt[d_.+sin[e_.+f_.*x_]]),x_Symbol] :=
Sqrt [Sign[b]*Sin[e+fxx] ]/Sqrt [d+Sin[e+fxx]]+Int [1/(Sqrt [a+bxSin[e+fxx] ] +Sqrt[sign[b]«Sin[e+fxx]]),x] /;
FreeQ[{a,b,d,e,f},x] & LtQ[a"2-b"2,0] 8&& GtQ[b"2,0] & Not[EqQ[d"2,1] && GtQ[bxd,0]]



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

1

dx when a2 -b2#0 A a;—b>a

\/a+bSin[e+fx] '\/dSin[e+-Fx]

1

a+b

dx when a2 -b%2>0 A

>0 A a’>0

\a+bsin[esfx] +/dsin[e+fx]

Rule:If a2 - b2 >0 A a(;—b>0 A a? > 9, then

dx — -

'\/a+bSin[e+-Fx] \/dSin[e+fx] afVa?-b? Cot[e+fx]

1 2Va '\/—Cot[e+fx , \/
E111pt1cF ArcSln[

Program code:

Int[1/(Sqrt[a_+b_.xsin[e_.+f_.»x_]]*Sqrt[d_.xsin[e_.+f_.*x_]]),x_Symbol] :=
-24Sqrt[a~2] #Sqrt[-Cot[e+fxx] 2]/ (axf+Sqrt[ar2-b"2] xCot [e+fxx]) Rt [ (a+b) /d,2] *
EllipticF[ArcSin[Sqrt[a+b+Sin[e+fxx]]/Sqrt[d«Sin[e+f+x]]/Rt[ (a+b)/d,2]1],- (a+b)/(a-b)] /;
FreeQ[{a,b,d,e,f},x]| && GtQ[a"2-b"2,0] && PosQ[ (a+b) /d] && GtQ[a"2,0]

a+b51n[e+-Fx] /

dSln[e+-Fx

,a+b] a+b
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

1

dx when a2 -b2#0 A a‘;—">0

\/a+bSin[e+-Fx] \/dSin[e+fx]

Rule:If a2 - b2 + 0 A a;—b > @, then

1

dx —

\/a+bSin[e+fx] '\/dSin[e+-Fx]

2Tan[e+fx] 'a+b\/ (1- Csc[:+fx]) \/a(1+Csc[:+fx]) EllipticF[Arc51n[\/a+bSIn[e+fX]/ ,a+b a+b
a+ a-

dSln[e+-Fx

Program code:

Int[1/(Sqrt[a_+b_.xsin[e_.+f_.+x_]]+Sqrt[d_.+sin[e_.+f_.*x_]]),x_Symbol] :=
-2+Tan[e+f+x]/(a*f) xRt [ (a+b) /d,2] Sqrt [a* (1-Csc[e+fxx]) /(a+b) | xSqrt[ax (1+Csc[e+fxx]) /(a-b) | *
EllipticF [ArcSin[Sqrt[a+b+Sin[e+fxx]]/Sqrt[d«Sin[e+f+x]]/Rt[ (a+b)/d,2]],- (a+b)/(a-b)] /;
FreeQ[{a,b,d,e,f},x] && NeQ[a"2-b"2,0] && PosQ[ (a+b) /d]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

1

3:
J\/a+bsin[e+fx] '\/dSin[e+-Fx]

dx when a2-b%2#0 A a;—b}a

Derivation: Piecewise constant extraction

Basis: Oy 3% =0
X

Rule:If a2 - b2 +0 A a;—b + 0, then

1 ~ —dSin[e+-Fx]
N

dx

1

\/a+bSin[e+-Fx] \/dsin[e+-Fx] \/dsin[ewa] J\\/a+bsin[e+fx] \/—dSin[e+-Fx]

Program code:

Int[1/(Sqrt[a_+b_.xsin[e_.+f_.xx_]]+Sqrt[d_.+sin[e_.+f_.*x_]]),x_Symbol] :=
Sqrt[-d«Sin[e+f«x]]/Sqrt[d+Sin[e+f+x]]+Int[1/(Sqrt[a+b+Sin[e+fxx]]+Sqrt[-d«Sin[e+fsx]]),x] /;
FreeQ[{a,b,d,e,f},x]| && NeQ[a"2-b"2,0] && NegQ[ (a+b) /d]

1

Z.J dx whenbc-ad#0 A a>-b%2#0 A c2-d?#0
'\/a+bSin[e+-Fx] \/c+dsin[e+fx]

dx whenbc-ad#0 A a>-b2#0 A c2-d?#0 A §>9

1:J !
\/a+bSin[e+fx] '\/c+dSin[e+-Fx]

Note: Alternative antiderivative contributed via email by Martin Welz on 12 April 2014.

Rule:lif bc-ad+0 A a2-b2+0 A c2-d2+0 A %>6,then

1

d
J\'\/a+b5in[e+fx] '\/c+dSin[e+-Fx]

X —

X
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2 (c+dsin[e+fx]) \l(bc—ad) (1-sin[e+Fx])

-F(bc—ad)ﬂl ﬁ Cos[e + fx|

_(bc—ad) (1+sinf[e+fx]) EllipticF[Ar‘cSin[ /c+d \/a+bsin[e+-Fx] ]) (a+b) (c—d)]
(a-b) (c+dsinfe+fx]) a+b (a-b) (c+d)

'\/c+dSin[e+-Fx]

(a+b) (c+dsin[e+fx])

dx —

J\/a+bsin[e+fx] \/c+dsin[e+fx]
2 (1-sin[e+fx]) \l a+bsin[e+ fx]

(a-b) (1-sin[e+fx])

f —ﬁ '\/a+bSin[e+-Fx] \/c+dSin[e+fx]

c+dsinfe+fx] a+b 1+Sin[e+fXx| (a-b) (c+d)
EllipticF [Ar‘cSin [ - ] B ]
(c-d) (1-sin[e+fx]) a-b Cos[e+fx] (a+b) (c-d)

Program code:

Int[1/(Sqrt[a_+b_.xsin[e_.+f_.xx_]]*Sqrt[c_+d_.xsin[e_.+f_.«x_]]),x_Symbol] :=
2*(c+d*Sin[e+f*x])/(f*(b*c—a*d)*Rt[(c+d)/(a+b),2]*Cos[e+f*x])*
Sqrt[(b*c—a*d)*(1—Sin[e+f*x])/((a+b)*(c+d*Sin[e+f*x]))]*
Sqrt [— (bxc-axd) = (1+Sin [e+f*x] )/( (a-b) (c+d*Sin [e+f*x] ) ) ] *
EllipticF [ArcSin[Rt[ (c+d)/ (a+b),2]* (Sqrt[a+bsSin[e+f+x]]/Sqrt[c+d«Sin[e+fxx]])], (a+b) * (c-d) / ((a-b) x (c+d))] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] & NeQ[c"2-d"2,8] & PosQ[ (c+d)/(a+b)]

1
Z:J d]x""he”bc‘ad#@/\az—bzaéef\cz-dzaea/\ﬁie
\/a+bSin[e+-Fx] \/c+dSin[e+-Fx]

Derivation: Piecewise constant extraction
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

Basis: Oy oo =0

Rule:lif bc-ad+#0 A a2-b2+0 A c2-d2+0 A %}@,then

\/-a—bsin[e+fx]
X —s

1 1
d d
J\/a+bsin[e+fx] \/c+dSin[e+-Fx] \/a+bSin[e+-Fx] J\/—a—bsin[e+fx] \/c+dSin[e+-Fx]

X

Program code:

Int[1/(Sqrt[a_.+b_.+sin[e_.+f_.xx_]]+Sqrt[c_+d_.xsin[e_.+f_.»x_]]),x_Symbol] :=
Sqrt[-a-bxSin[e+fxx]]/Sqrt[a+bsSin[e+f+x]]+Int[1/(Sqrt[-a-bsSin[e+f+x]]+Sqrt[c+d«Sin[e+fxx]]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d*2,0] && NegQ[ (c+d)/(a+b)]

(dSin[e+-Fx])3/2
dx when a2 -b%2 #0

'\/a+bSin[e+-Fx]

Derivation: Algebraic expansion

Basis: (d z)3/? == _adedZ . d d22<s+2bz)

Rule: If a2 - b? # 0, then

(dSin[e+fx])3/2 ad \dSin[e+ fx] d J\/dsin[e+fx] (a+2bsinfe+fx])
—_— dx + — d

dx — -
'\/a+bSin[e+-Fx] 2b \/a+bSin[e+fx] 2b

X

'\/a+bSin[e+-Fx]

Program code:

Int[(d_.«sin[e_.+f_.+x_])~(3/2)/Sqrt[a_.+b_.xsin[e_.+f_.»x_]],x_Symbol] :=
-axd/ (2xb) xInt [Sqrt [d*Sin [e+'F*x] ]/Sqr't [a+b*Sin [e+f*x] ] ,x] +
d/ (2xb) +Int[Sqrt[d«Sin[e+fsx] ]+ (a+2+bxSin[e+fxx]) /Sqrt[a+bsSin[e+f+x]],x] /;
FreeQ[{a,b,d,e,f},x] && NeQ[a"2-b"2,0]



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

10: J(a+bsin[e+fx])"'(c+dSin[e+fx])"d1x whenbc-ad#0 A a2-b2#0 A c2-d2#0 AO<m<2 A -1<n<2

Derivation: Nondegenerate sine recurrence 1b withA -ac, B-bc+ad, C-bd, m>m-1, n>n-1, p->0

Rule:if bc-ad+0 A a?-b>+0 A c?2-d?+0 A0<m<2 A -1<nc<2,then

J(a+bsin[e+fx])m (c+dsin[e+fx])"dx —

bcCos[e+fx] (a+bsSin[e+fx])"* (c+dSin[e+Ffx])"

+

f (m+n)

ﬁj(a+b51n[e+fx])m—2 (c+dSin[e+fX])n-1.

(a>cd (m+n) +bd (bc (m-1) +adn) + (ad (2bc+ad) m+n)-bd(ac-bd(m+n-1n)51nh+fx]+bd(bcn+ad(2m+n-n)51np+fxr)dx

Program code:

Int[(a_.+b_.#sin[e_.+f_.xx_] ) m_«(c_.+d_.xsin[e_.+f_.*x_])~n_,x_Symbol] :=
-bxCos [e+'F*X] * (a+b*S:i.n [e+'F*X] ) A(m-1) » (C+d*Sin [e+‘F*X] )"n/(f* (m+n) ) +
1/ (d* (m+n) ) *Int [ (a+b*Sin [e+'F*x] ) A(m-2) % (c+d*Sin [e+f*x] )" (n-1) %
Simp [a"Z*C*d* (m+n) +b*xd* (bxcx (m-1) +axd*n) +
(axd* (2xbxc+a*d) » (m+n) —-bxd» (a*c-bxd* (m+n-1)) ) *Sin [e+-F*x] +
bxdx (bxcxn+axd* (2*m+n-1) ) *Sin [e+'F*x] "Z,x] ,x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] & LtQ[0,m,2] && LtQ[-1,n,2] && NeQ[m+n,0] &&
(IntegerQ[m] || IntegersQ[2xm,2xn])

11: J(a+bSin[e+-Fx])'" (c+dSin[e+-Fx])“dlx whenbc-ad#0 A mez*

Derivation: Algebraic expansion

b (c+dz) bc-ad
d d

Basis;:a+b z ==

Rule:lf bc-ad +0 A mez",then
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

J(a+bSin[e+-Fx])'" (c+dsinfe+fx])"dx —

bc-ad

b
Ej(a+bsin[e+fx])'"'1(c+dSin[e+-Fx])"+1d1x -

J(a+bsin[e+fx])m'1 (c+dsin[e+fx])"dx

Program code:

Int[(a_.+b_.#sin[e_.+f_.*x_] )" m_#(c_.+d_.»sin[e_.+f_.»x_])~n_,x_Symbol] :=
b/dxInt [ (a+b*Sin [e+f*x] ) A(m-1) » (c+d*Sin [e+'F*x] )" (n+1) ,x] -
(bxc-axd) /d«Int[ (a+bxSin[e+fxx])~ (m-1) » (c+dxSin[e+Ffxx])~n,x] /;
FreeQ[{a,b,c,d,e,f,n},x] & NeQ[bxc-axd,0] && IGtQ[m,0]

12. J(dsin[e+fx])" (a+bSin[e+-Fx])'"dlx when a2 -b%?:=2=0 A mez~

dx when a2 -b%2#0

N J-(dsin[e+fx])"

a+bSin[e+fx]

Derivation: Algebraic expansion

e 1 a _ bz
Basis: a+tbz  a2-b2z?2 aZ-b2 z2

Rule: If a2 - b? + 0, then

dx

(dsinfe+fx])" (dsinfe+fx])" (dsinfe+fx])™*
[lasmleendl, et [

dx — a
a+bSin[e+-Fx] az—bzsin[e+-Fx]2 d az—bzsin[e+-Fx]2

Program code:

Int[(d_.+sin[e_.+f_.*x_])~n_./(a_+b_.+sin[e_.+f_.+x_]),x_Symbol] :=
axInt[ (d«Sin[e+fxx])~n/(a”2-b 2+Sin[e+fxx]"2),x] -
b/d+Int[(d«Sin[e+fxx])~ (n+1)/(a”2-b 2+Sin[e+fxx]2),x] /;

FreeQ[{a,b,d,e,f,n},x] && NeQ[a"2-b"2,0]



Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

2: J(dsin[erFx])" (a+bSin[e+-Fx])"'dlx when a2 -b2#0 Am+1ez"-

Derivation: Algebraic expansion

1 __ _a-bz
a+bz = a2-b2z2

Basis:

Rule:If a2-b%2+0 A m+1 ez ,then

(dsin[e+fx])" (a-bsin[e+fx])™

J(d sin[e+fx])" (a+bSin[e+fx])"dx — JExpandTrig[ , x] dx

(a% - b? Sin[e+-Fx]2)'m

Program code:
Int[(a_+b_.»sin[e_.+f_.xx_])"m_.#(d_.#«sin[e_.+f_.*x_])"n_.,x_Symbol] :=

Int [ExpandTrig[ (d«sin[e+fxx])~nx (a-bxsin[e+fsx])~ (-m)/(a*2-b 2+sin[e+Ffxx]*2)~ (-m),x],x] /;
FreeQ[{a,b,d,e,f,n},x] && NeQ[a"2-b"2,0] && ILtQ[m,-1]

X: j(a+bsin[e+fx])m(c+dSin[e+fx])"d1x whenbc-ad#0 A a2-b?#0 A c2-d*+0

Rule:lf bc-ad+0 A a2-b%2+0 A c?-d? +0,then

j(a+bsin[e+fx])m(c+dSin[e+-Fx])"dlx—>J-(a+bsin[e+fx])'"(c+dSin[e+fx])"dlx

Program code:

Int[(a_.+b_.#sin[e_.+f_.*x_] ) m_#(c_.+d_.xsin[e_.+f_.*x_])~n_,x_Symbol] :=
Unintegrable[ (a+bxSin[e+fxx])~mx (c+dxSin[e+fxx])~n,x] /;
FreeQ[{a,b,c,d,e,f,m,n},x| && NeQ[bxc-axd,0] && NeQ[a~2-b"2,0] && NeQ[c"2-d"2,0]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

Rules for integrands of the form (a + bSin[e + fx])" (c (dSin[e + fx])P)"

X: -J-(a+bsin[e+fx])"' (dcsc[e+fx])"dx whenn¢z A mez

Derivation: Algebraic normalization

d" (b+aCsc[z])"
(dCsc[z])"

Basis:If m e z,then (a+bSin[z])" ==

Note: Although this rule does not introduce a piecewise constant factor, it is better to stay in the sine/cosine world than
the secant/cosecant world.

Rule:lf n¢ Z A me Z,then

J(a+b$in[e+fx])'" (dcsce+Ffx])"dx — dmj(dCsc[e+fx])"‘m (b+acsc[e+fx])"dx

Program code:

(* Int[(a_.+b_.xsin[e_.+f_.4x_])"m_.+(d_./sin[e_.+f_.»x_])~n_,x_Symbol] :
dm«Int[ (d«Csc[e+fxx])~ (n-m) » (b+axCsc[e+fxx]) m,x] /;
FreeQ[{a,b,d,e,f,n},x] && Not[IntegerQ[n]] && IntegerQ[m] =)

(» Int[(a_.+b_.xcos[e_.+f_.#x_])"m_.+(d_./cos[e_.+f_.*x_])~n_,x_Symbol] :
d*m«Int[ (d«Sec[e+fxx])~ (n-m) x (b+axSec[e+Ffxx]) m,x] /;
FreeQ[{a,b,d,e,f,n},x] && Not[IntegerQ[n]] & IntegerQ[m] =)
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

1: J(a+bsin[e+fx])m (c (dsin[e+fx])")"dx whenn¢z

Derivation: Piecewise constant extraction

fee (c (dSinJe+fx])P)"
Basis: Oy (dSinlerfx])"? =0

Rule: If n ¢ Z, then

cIntPar‘t[n] (C (d Sin [e + f X] ) p) FracPart[n]

J(a+bsin[e+fx])m (c (dsin[e+fx])?)"dax —

(d Sin [e + f X] ) p FracPart[n]

Program code:

Int[(a_.+b_.#sin[e_.+f_.xx_]) m_.x(c_.»(d_.#+sin[e_.+f_.*x_])~p_)~n_,x_Symbol] :=
crIntPart[n] (cx (d«Sin[e + fxx])~p)~FracPart[n]/(d«Sin[e + fxx])~(p*FracPart[n])
Int[ (a+bxSin[e+Ffxx]) mx (d+Sin[e+Ffxx])~ (nxp),x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x] && Not[IntegerQ[n]]

Int[(a_.+b_.xcos[e_.+f_.#x_] ) m_.x(c_.»(d_.xcos[e_.+f_.»x_])"p_)~n_,x_Symbol] :=
crIntPart[n]« (cx (d«Cos[e + -F*x])"p)"Fr‘acPar‘t[n]/(d*Cos[e + fxx]| )~ (pxFracPart[n]) =
Int[ (a+bxCos[e+Ffxx]) mx (dxCos[e+Ffxx])~ (nxp),x]| /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]| && Not[IntegerQ[n]]

J(a+b$in[e+fx])"‘ (dsinfe+fx])""ax
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

Rules for integrands of the form (a + bSin[e + fx])" (c +dCsc[e + fx])"

1: j(a+bsin[e+fx])m (c+dCsc[e+fx])"dx whennez

Derivation: Algebraic normalization

Basis:c + dCsc[z] == d+Scl_snl[nz[];L

Rule: If n € Z, then

J(a+b$in[e+fx])'"(c+dCsc[e+fx])"d1x . j("’”“i“[e*“])m(d+°51"[e+“])"dx

Sin[e+fx]"

Program code:

Int[(a_+b_.»sin[e_.+f_.%x_])"m_.#(c_+d_.xcsc[e_.+f_.*x_])"n_.,x_Symbol] :=
Int[ (a+bsSin[e+fxx]) m (d+cxSin[e+fxx])~n/Sin[e+fsx] n,x] /;
FreeQ[{a,b,c,d,e,f,m},x] & IntegerQ[n]

2. j(a+b5in[e+fx])'" (c+dCsc[e+fx])"dlx whenn ¢ Z

1: J(a+bsin[e+fx])m (c+dCsc[e+fx])"d1x whenn¢zZ A meZz

Derivation: Algebraic normalization

Basis:a + bSin[z] == %ﬁ

Rule:lf n¢ Z A me z,then
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

j(a+b5in[e+fx])m (c+dCsc[e+£x])"ax — J~(b+aCsc[e+z:c][):+(:)+(]dMCSC[e+fx])n .

Program code:

Int[(a_+b_.»sin[e_.+f_.»x_])"m_.#(c_+d_.xcsc[e_.+f_.*x_])"n_,x_Symbol] :
Int[ (b+axCsc[e+fxx]) m (c+d+Csc[e+fxx])~ n/Csc[e+fsx] m,x] /;
FreeQ[{a,b,c,d,e,-F,n},x] &% Not[IntegerQ[n]] && IntegerQ[m]

Int[(a_+b_.xcos[e_.+f_.»x_]) m_.x(c_+d_.xsec[e_.+f_.»x_])~n_,x_Symbol] :
Int[ (b+axSec[e+fxx]) mx (c+dxSec[e+Ffxx]) ~n/Sec [e+fwx] m,x] /;
FreeQ[{a,b,c,d,e,f,n},x] & Not[IntegerQ[n]] && IntegerQ[m]

2: j(a+bSin[e+-Fx])'" (c+dCscl[e+fx])"dx whenn¢z A m¢z

Derivation: Piecewise constant extraction

fen (c+dCsc[e+fx])"Sin[e+fx]" __
Basis: Ox (d+c Sin[e+f x])" o

Rule:lf n¢zZ A me¢ Z,then

(c+dCsc[e+fx])"sin[e+fx]" J«a+bSin[e+fx])'"(d+cSin[e+-Fx])"dlx

J(a+bsin[e+fx])m (c+dCsc[e+fx])"dx —

(d+c51n[e+fx] Sin[e+fx]"

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_])"m_x(c_+d_.*csc[e_.+f_.xx_])~n_,x_Symbol] :=
Sin[e+fxx]"n« (c+d+Csc[e+fxx]) n/(d+cxSin[e+fxx])~n+Int[ (a+bxSin[e+fxx]) m« (d+cxSin[e+fxx])~n/Sin[e+f+x]*n,x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] && Not[IntegerQ[n]] && Not[IntegerQ[m]]

Int[(a_+b_.xcos[e_.+f_.xx_]) m_«(c_+d_.xsec[e_.+f_.»x_])~n_,x_Symbol] :=
Cos[e+fxx]"n« (c+dxSec[e+fxx] )"n/(d+c*Cos [e+fx])~n+Int[ (a+bxCos[e+fxx]) m« (d+cxCos[e+fxx] )"n/Cos [e+fxx]"n,x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & Not[IntegerQ[n]] && Not[IntegerQ[m]]
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Rules for integrands of the form (a+b sin(e+f x))~m (c+d sin(e+f x))~n

82



